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Abstract. Let X be a Gorenstein normal 3-fold satisfying (ELF) with local rings 
which are at worst isolated hypcrsurface (e.g. terminal) singularities. By using the 
singular derived category D sg (AT), we give a necessary and sufficient categorical con- 
dition for X to be Q- factorial. By passing to the idempotent completion D sg (X) we 
obtain a necessary and sufficient condition for X to be complete locally Q-factorial. We 
then relate this information to maximal modification algebras(=MMAs), introduced in 
[IWIO], by showing that if a modifying algebra A is derived equivalent to X as above, 
then X is Q-factorial if and only if A is a MMA. This shows that MMAs categorify 
Q-factorial tcrminalizations in the same way that noncommutative crepant resolutions 
(=NCCRs) categorify 3-fold crepant resolutions. We then apply these results to the 
case of cA„ singularities, generalizing some results of Burban— Iyama— Keller— Reiten 
[BIKR] and Dao-Huneke [DH10]. 
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1. Introduction 

1.1. Overview. The purpose of this work, a continuation of [IW10], is to set the foun- 
dations of the 'homological MMP', in which the homological and categorical approaches 
to singularities are used to both (re)prove and also run efficiently certain aspects of the 
minimal model program (=MMP) in dimension three. 

l 
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Our first algebraic observation, made and exploited in [IW10], was that homologically, 
the best setting is that of a maximal modifying module (=MM module), or equivalently 
a maximal modifying algebra (=MMA). In this situation many strong statements hold, 
which fail to be true in the more general setting of arbitrary modifying modules. We 
remarked at the time that this is similar to the geometric phenomenon where the strongest 
results hold on the Q-factorial terminalizations of Spec R (which are in the Mori category), 
as opposed to the more general setting of arbitrary crepant partial resolutions. The first 
purpose of this paper is to link these two observations. 

Before we state our results in detail, it is necessary to first provide a dictionary that 
links the two fields. Let R be a three-dimensional commutative normal Gorenstein ring 
(over C), with canonical singularities. Then on the derived level, roughly speaking we 
always expect correspondences 

Crepant resolutions of Spec R < — > CT i?-modules 

ni ni 

Q-factorial terminalizations of Spec R < — > maximal modifying i?-modules 

ni ni 

Partial crepant resolutions of Spec R < — > modifying _R-modules 

See §1.2 and §2.3 for unexplained terminology. Note that Q-factorial terminalizations of 
Speci? always exist [K88, 4.5], only sometimes will they be smooth. Thus the top row 
is really a special case of the second, since either the top tow exists, in which case the 
top row and second row are the same, or it does not exist, in which case we study the 
second row only. Hence, either way, the second row is the natural object of our study. 
The correspondences take place on the level of the derived categories of the endomorphism 
rings. More precisely, the endomorphism rings of CT modules give Van den Bergh's non- 
commutative crepant resolutions (=NCCRs) [IW10, 5.5, 5.12], and all crepant resolutions 
and all NCCRs are expected to be derived equivalent. Note that this is known in many 
examples, but even in dimension three it is still not yet known in full generality. Even 
so, everything in the middle row should be derived equivalent, and furthermore if the top 
row exists, everything in the top two rows should be derived equivalent. This is known on 
the algebraic side [IW10, 1.12, 1.15], and is also known on the geometric side [C02]. The 
content in this paper is linking the two, since this involves characterizing Q-factoriality 
homologically. Note that in the above picture the bottom row is slightly more subtle than 
the other two (see for example 6.15), but in the setting of one-dimensional fibres below 
still behaves well. 

Due to the existence of two dimensional fibres, the above are certainly not 1:1 cor- 
respondences, however if we restrict ourselves to the cases where the Q-factorial termi- 
nalization Y — > Spec R has only one-dimensional fibres, the picture becomes much more 
clear. In this case, we expect one-to-one correspondences 

Crepant resolutions of Spec R •f J — > CT i?.-modulcs 

ni ni 

Q-factorial terminalizations of Spec R <^>- MM i?-modules which are CM 

ni ni 

Partial crepant resolutions of Spec R modifying i?-modules which are CM 

where the right hand side is taken up to additive closure. If R is complete local, by 
restricting to basic modules we can improve on this by taking the right hand side up 
to isomorphism. We prove parts of this picture for cA n singularities in §5. Note that 
again the top row is really a special case of the middle. Also, in the situation of one- 
dimensional fibres, the existence of a crepant resolution is already known to be equivalent 
to the existence of a NCCR [V04a] (equivalently, a CT module [IW10, 5.12]) 

The above picture sets up a correspondence between two fields, allowing us to prove 
results in one by appealing to simple reasoning in the other. It is our belief that many 
of the results of the MMP should come out of our categorical picture (along the lines of 
[Bri02], [BKR]), allowing us to both bypass some of the classifications used in the MMP, 
and also run some aspects of the MMP in a more efficient manner. 

We now describe our results in detail. 
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1.2. (Q-factorial results. We begin by studying the (Q-factorial property of varieties from 
the viewpoint of derived categories, then link this to MMAs. These results are independent 
of the dimension of the fibre, and go some of the way to verifying the second line in the 
first table. 

We denote by CMi? the category of CM (^maximal Cohen-Macaulay) i?-modules, 
and by CMR its stable category (see §2). As in [Or03, Or09], we denote D sg (A) := 
D b (cohAT)/ yiexf(X) (see §3.1 for more details). The first key technical result is the 
following. Note that the idempotent completion part also follows from work of Orlov 
[Or09], and is well-known to experts [BK11]: 

Theorem 1.1. (=3.7) Suppose that X is a Gorenstein scheme of dimension d satisfying 
(ELF) (see 3.7 for full details and explanation), with isolated singularities {x%, . . . ,x n }. 
Then there is a fully faithful functor 

n 

DsgPO^@CM0 x ,x 4 

z=l 

which is essentially surjective up to summands. Thus taking the idempotent completion 
gives an equivalence 

n 

X,Xi- 

Recall that a normal scheme X is defined to be Q-factorial if for every Weil divisor 
D, there exists n e N for which nD is Cartier. If we can always take n = 1, we say that X 
is locally factorial. Note that these conditions are Zariski local, i.e. X is Q-factorial if and 
only if each Ox.x is Q-factorial. It is well-known that (Q-factoriality cannot in general 
be checked complete locally, so we define X to be complete locally Q-factorial if every 
completion Ox.x is (Q-factorial. 

Now if T is a triangulated category with a suspension functor [1], recall that an 
object a £ T is called rigid if Hom7-(a, a[l]) = 0. We say that T is rigid-free if every rigid 
object in T is isomorphic to the zero object. Even although Zariski locally it is unclear 
whether the functor in 1.1 is an equivalence, there is still enough information to show the 
following. 

Theorem 1.2. (=3.9, 3.10) Suppose that X is a normal 3-dimensional Gorenstein scheme 
over a field k, satisfying (ELF), with isolated singularities {xx, ■ ■ ■ ,x n }. 

(1) If D sg (X) is rigid-free, then X is locally factorial. 

(2) 7/D sg (X) is rigid-free, then X is complete locally factorial. 

(3) // Ox,xi are hypersurfaces for all 1 < i < n, then the following are equivalent: 

(a) X is locally factorial. 

(b) X is Q-factorial. 

(c) T) sg (X) is rigid-free. 

(d) CM Ox -r is rigid-free for all closed points x G X . 

(4) If Ox,xi o,re hypersurfaces for all 1 < i < n, then the following are equivalent: 

(a) X is complete locally factorial. 

(b) X is complete locally Q-factorial. 

(c) T) sg (X) is rigid-free. 

(d) CM Ox 'r is rigid-free for all closed points x G X. 

Rather remarkably, the same homological characterization of rigid-free can be found 
in the study of modifying and maximal modifying modules (see 2.8 for definitions). Re- 
call that if M is a maximal modifying R- module, we say that End^(Af) is a maximal 
modification algebra ( =MMA ). 

Proposition 1.3. (=2.17, 2.3) Suppose that R is normal, Gorenstein, equi-codimensional, 
3-dimensional ring, and let M be a modifying R-module. Assume that End/?(M) has only 
isolated singularities. Then End^(M) is an MM A if and only if the category D sg (End^(Af)) 
is rigid- free. 
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Recall that if X is a variety with rational Gorenstein singularities, a Q-factorial 
terminalization of X is a projective birational morphism / : Y — > X such that Y has 
only Q-factorial terminal singularities, and further f*uJx = wy- When Y is furthermore 
smooth, we call / : Y — > X a crepant resolution. Maximal modification algebras were 
introduced in [IW10] with the aim of generalizing NCCRs to cover the more general 
situation when crepant resolutions do not exist. We regard the following corollary of 1.2 
and 1.3 as one of the main results of this paper. 

Theorem 1.4. Let Y — > Speci? be a projective birational morphism between normal inte- 
gral schemes, where R is Gorenstein ring over C of dimension three, and Y is Gorenstein 
with only isolated singularities. Suppose that M S ref R such that End j?.(M) € CMR, and 
further suppose that Y is derived equivalent to End#(M). Then 
(1) //Endfl(M) is a MMA, then Y is locally factorial. 

Further, ifY has locally only isolated hypersurface singularities (e.g. Y has only terminal 
singularities), then 



Thus MMAs categorify 3-fold Q-factorial terminalizations in the same way that NC- 
CRs categorify 3-fold crepant resolutions. Hence, following Bondal-Orlov and Van den 
Bergh, using the above results we conjecture the following: 

Conjecture 1.5. Suppose that R is a normal Gorenstein 3-fold over C, with only canon- 
ical (equivalently rational, since R is Gorenstein [R87, (3.8)]) singularities. Then all 
Q-factorial terminalizations of R and all maximal modification algebras are derived equiv- 
alent. 

We point out that, if true, then Conjecture 1.5 implies that all crepant resolutions of 
R (both commutative and non-commutative) are derived equivalent, settling a conjecture 
of Van den Bergh [V04b, 4.6]. We remark that 1.5 has some evidence: 

Theorem 1.6. Suppose that R is a normal Gorenstein 3-fold over C whose Q-factorial 
terminalizations Y — > Speci? have only one dimensional fibres (e.g. R is a terminal 
Gorenstein singularity, or a cA n singularity in %4). Then Conjecture 1.5 is true. 

Proof. The Q-factorial terminalizations are connected by flops, so they are derived equiv- 
alent by [ ]. By [V04a] there is a derived equivalence between Y and some algebra 
Endij(M) with End H (M) e CMR. Thus by 1.4 End fl (M) is a MMA. We already know 
that all MMAs are derived equivalent [IW10, 4.9]. □ 

As it stands, the proof of 1.6 heavily uses the MMP. We believe that it should be 
possible to prove 1.6 without using the MMP, instead using the categorical techniques 
developed in this paper. 

1.3. General Homological results. In the homological MMP, the technique of (cate- 
gorical) mutation developed in [IW10, §6] is the operation corresponding to flop. However, 
mutation can be applied to much more general situations than just flopping contractions, 
and it is this flexibility that also allows us to generate derived equivalences in both the 
highly singular and the more general contexts. 

In the theory of mutation developed in [IW10, §6], the main setting was dimension 
three, in which the behaviour depends heavily on the dimension (as a vector space) of 
a certain factor algebra Aj. Our new result is the following, which in fact works in full 
generality. We refer the reader to §6 for the definition of the mutation operator vj, and 
all other unexplained terminology. 

Theorem 1.7. (=6.3, 6.6) Let R be a complete local normal d-CY~ commutative ring, 
M := R © (©jg/Afi) be a basic modifying R-module and choose any ^ J C I. Then 
Vj(M) is a modifying module, and further End^(M) is derived equivalent to End#(^,/(Af)). 

This allows us to mutate at will, without having the rather delicate task of deter- 
mining whether dim?; A,/ < oo. We calculate the mutations (in this level of generality) for 
cA n singularities in §6. 
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1.4. cA n singularities. Suppose that /i, •••,/« G m := (a;, y) C A:[[a;,y]] are (not nec- 
essarily distinct) irreducible polynomials, and let R := k[[u, v, x, y]]/(uv — fx... f n ). For 
each u> £ 6„, define 

V :=R® (u, / W (l)) © (U, / W (l)/ W (2)) © ... © (u, /o,(l) • • • f u (n-l))- 

Our first result is the following generalization of [BIKR, 1.5] and [DH10, 4.2], which follows 
more or less immediately from 1.4(2). 

Theorem 1.8. (=4-4) Let k = C and suppose that fi,...,f n £ m :— (x,y) C C[[x,y]] 
are irreducible polynomials. Let R = C[[w, v, x, y]]/(uv — /i . . . f n ), then 

(1) Each T M (uj £ 6 n/ ) is a MM R-module generator. The corresponding endomorphism 
rings all have isolated singularities. 

(2) r are CT modules ^=> fa <£ m 2 for alll<i<n. 

Using commutative algebra, we then give an independent (and strengthened) proof 
of 1.8, which does not use the explicit form of the Q-factorial terminalizations of Speci?, 
and also is valid over an arbitrary algebraically closed field Ik. This is important, since 
in many other examples the explicit forms of Q-factorial terminalizations are not known. 
The strengthened version is as follows: 

Theorem 1.9. (=5.17, 5.19) Suppose that /i, ...,/„ e m := (x,y) C h[[x, y]} are irre- 
ducible polynomials. Let R = lk[[u, v, x, y]]/(uv — f% . . . /„), then 

(1) The MM R-module generators are precisely T u , where w S & n . 

(2) R has a CT module fi ^ m 2 for all 1 < i < n. In this case, the CT R-modules 
are precisely T u , where uj £ & n . 

There were no examples of MM As given in [IW10] (except in §6, which is actually 
an NCCR), so to make MMAs more concrete we give (in 5.21) the explicit quiver of the 
endomorphism ring of T u . 

Keeping R as above, we then produce many examples of derived equivalences between 
the partial crepant resolutions of Spec R, which in general have canonical singularities. 
The partial crepant resolutions of Spec R have a certain number of curves, and on these 
curves singularities of the form uv = fi (see 4.6). We denote the partial resolutions 
combinatorially in terms of flags J 7 , and denote the corresponding spaces by (see 
§4-1). 

Theorem 1.10. (=6.16) and X s are derived equivalent if they have the same number 
of curves above the origin of Spec R, and the singularities of X^ can be permuted to the 
singularities of X s . 

In fact, 1.10 comes very easily from a simple calculation which determines the muta- 
tions of a given modifying module: 

Theorem 1.11. (=6.13) Fix a flag J- = (Ji, . . . , I m ), and associate to T the module T^ 
and the combinatorial picture ^(J 7 ). Choose ^ J C {l,...,m} 7 then vjiT^) is the 
module corresponding to the J -reflection ofV(T}. 

See §G for foil details. In particular, since we prove in 6.17 that the mutation graph 
of MM modules is connected, 1.10 gives the following alternative proof of [C02] in the case 
of complete local cA n singularities, which does not involve passing to dimension four: 

Corollary 1.12. Let R = C[[u, v, x, y]]/ (uv — f\ . . . f„), then all Q-factorial terminaliza- 
tions of Spec R are derived equivalent. 

We remark that although the above is in the complete local setting, this is mainly 
for our own convenience, since it simplifies calculations. We believe that once the proof 
is made fully homological, 1.12 will generalize. 

Conventions. Throughout R will always denote a commutative ring. All modules will 
be left modules, so for a ring A we denote mod A to be the category of finitely generated 
left A-modules, and Mod A will denote the category of all left A-modules. Throughout 
when composing maps fg will mean / then g, similarly for quivers ab will mean a then 
b. Note that with this convention Hom^(M, X) is a End^(M)-module and HoniR(A, M) 
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is a Endfl(M) op -module. For M E mod A we denote addM to be the full subcategory 
consisting of summands of finite direct sums of copies of M, and we denote proj A :— add A 
to be the category of finitely generated projective ^-modules. We say that M E mod i? 
is a generator if i? E add M . 

If X is a scheme, Ox,x will denote the localization of the structure sheaf at the closed 
point x € X. We will denote by Ox,x the completion of Ox,x at the unique maximal 
ideal. For us, locally will always mean Zariski locally, that is if we say that R has locally 
only isolated hypersurface singularities, we mean that each R m is an isolated hypersurface 
singularity (or is smooth). When we want to discuss the completion, we will always refer 
to this as complete locally. 

Rings and schemes will not be assumed to be finite type over a field k, unless specified. 
When we say 'over fc' we mean 'of finite type over k\ Throughout, k will denote an 
arbitrary field, and K will denote a field of characteristic zero. Bold letters will denote 
algebraically closed fields, so Ik will denote an arbitrary algebraically closed field, and K 
will denote an algebraically closed field of characteristic zero. 

Acknowledgements. The authors would like to thank Vanya Cheltsov, Hailong Dao, 
Anne-Sophie Kaloghiros, Raphael Rouquier and Ed Segal for many invaluable discussions 
regarding this work. 

2. Preliminaries 

For a commutative noetherian local ring (i?, m) and M 6 mod R, recall that the 
depth of M is defined to be dcpth fl M := inf{z > : Ext J H (i?/m, M) ^ 0}. We say that 
M € modi? is maximal Cohen- Macaulay (or simply, CM) if depth^. M = dimi?. Now let 
R be a (not necessarily local) commutative noetherian ring. We say that M € modi? is 
CM if M v is CM for all prime ideals p in i?, and we say that i? is a CM ring if i? is a CM 
i?-module. Denoting (— )* := Homjj(- ,i?) : modi? — > modi?, we say that X £ modi? is 
reflexive if the natural map X — > X** is an isomorphism. 

We denote ref i? to be the category of reflexive i?-modules, and we denote CMi? to 
be the category of CM i?-modules. 

2.1. rf-CY and d-CY~ . When dealing with singularities, throughout this paper we use 
the language of d-CY~ algebras, introduced in [IR08, §3]. Although technical, it provides 
the common language that links the commutative rings and the various noncommutative 
endomorphism rings that we will consider. 

To do this, let i? be a commutative noetherian ring with dimi? = d and let A be a 
module-finite i?-algebra. For any X E mod A, denote by E(X) the injective hull of X, 
and put E :— (Bm£MaxFtE(R/m). This gives rise to Matlis duality D := Hova.n{—,E). 
Note that if R is over k, then D = Hom k (-,lk) by [< , 1.1, 1.2]. We let D{f(A) denote 
all bounded complexes with finite length cohomology. 

Definition 2.1. For n E Z, we call A n-CY if there is a functorial isomorphism 

Hom D(ModA) (A,r[n]) = D Hom D(Mod A) (Y, X) 

for all X, Y E Dj^(A). Similarly we call A n-CY~ if the above functorial isomorphism 
holds for all X E Dft(A) and Y E K b (proj A). 

We know [IR08, 3.1(7)] that A is n-CY if and only if it is n-CY" and gl.dim A < oo. 
Also, by [IR08, 3.10], if i? is a commutative noetherian ring and d EN, Then i? is d-CY~ 
if and only if i? is Gorenstein and equi-codimensional, with dim R = d. 

Definition 2.2. Let A be a module-finite R-algebra where R is an arbitrary commutative 
ring. We call A a symmetric i?-algebra if Hom^(A, i?) = A as A-bimodules. We call A a 
locally symmetric i?-algebra if A p is a symmetric Rp-algebra for all p E Speci?. 

We also say that A is an R-order if A E CMi?. Now if A := End fi (M), where i? is 
normal d-CY~ and M E ref R, then A is automatically symmetric by [LR08, 2.4(3)]. If 
further A E CMi?, then certainly A is a locally symmetric i?-order, hence [IR08, 3.2(2)] 
implies that A m is d-CY~ for all m E Maxi?, hence A is d-CY~ [IR08, 3.3(1)]. 



Q-FACTORIAL TERMINALIZATIONS AND MMAS 



7 



2.2. Singular derived categories of algebras. Suppose that R is a d-CY commuta- 
tive noetherian ring, and let A be a d-CY _ module-finite i?-algebra. We define X g mod A 
to be a CM A-module if Ext A (AT, A) = for all % > 1. The proof of [IR08, 3.4(5)(i)] shows 
that Ext A (AT,A) = <^ Ext R (X,R) = 0. Hence X is a CM A-module if and only if 
it is CM as an i?-module. We denote by CM A the category of CM A-modules, and we 
denote CMA to be the stable category, where we factor out by those morphisms which 
factor through projective A-modules. 

When A is a noetherian ring, we define D sg (A) := D b (mod A)/K b (proj A). The 
following is a now standard theorem of Buchweitz, and is very well known: 

Theorem 2.3. Suppose that A is d-CY~ , then 

Dsg(A) re CMA. 

Proof. Since A = End R (M) is d-CY", by [IR08, 3.1(6)] inj.dim A A < oo. Similarly, 
since A op is d-CY - [IR08, 3.1(2)], inj.dim Aop A op < oo. Hence by definition A is strongly 
Gorenstein in the sense of [Bu8G, above 4.1.1], and so the result is a special case of [Bu86, 
4.4.1(2)]. □ 

Recall [Aus84] that we say an i?-algbera A has isolated singularities if gl.dim A p < oo 
for all non-maximal primes p of R. 

Proposition 2.4. Suppose that A is d-CY~ . Then A has isolated singularities if and 
only if all Horn-spaces in D sg (A) are finite length R-modules. 

Proof. This is well-known (e.g. [Yos90, 3.3], [Aus84]), but for convenience we give the 
proof. 

(=>) By 2.3 all Horn-spaces in D sg (A) are of the form HomcM a(X, Y) for some X, Y G 
CMA. Since Rouicma(X,Y) S Ext\(Q~ 1 X, Y) and Qr x X G CMA, the result is clear. 
(<=) Let p be a prime with ht p < d and let X G mod A p . Certainly we can find Y G mod A 
with Yp = X and so consider a projective resolution 

-> K -> P d _x ^...^Pi^Po^Y^O 

in mod A. Since A G CMi?, by localizing and using the depth lemma we see that K G 
CMP, i.e. K G CMA. Consider 

-> QK -> P d -> K -> 0, (2.A) 

then since Ext\(K,QK) = HompM A (flK, VtK) has finite length, it is supported only 
on maximal ideals. Hence (2. A) splits under localization to p and so K p is free. Thus 
proj.dim Ap X < d, as required. □ 

The following is based on some Danish handwritten notes of Hans-Bj0rn Foxby. 

Theorem 2.5. Let R be a commutative noetherian ring (not necessarily of finite Krull 
dimension) , let A be a module-finite R-algebra. and let M G mod A. //proj.dim Aij (M p ) < 
oo for all p G Speci?, then proj.dim A M < oo. 

Proof. Take a finitely generated projective resolution of M, 

. . . -> P x % P % M -> 0, 

and set Kq = M = Imdo and Ki — Imd; = Kero?i_i for i > 0. Now 

proj.dim A (Af) < n <^> Ext A +1 (M, K n+1 ) = 0, 

and the right hand side is equivalent to showing that Supp fl Ext A +1 (M, if n+ i) is empty. 
Now since Ext A +1 (M, K n+ i) is a finitely generated i?-module 

proj.dim Ap (Af p ) >n Ext^ +1 (A/, K n+1 )) p = Extf+\M p , (K n+1 ) p ) ^ 

^ pGSup Pfl Ext^ +1 (Af,^ n+1 ). 

But again Ext A +1 (M, K n+ \) is a finitely generated i?-module, hence 

Sup Pfl Ext^ +1 (M,^ n+1 ) = V(Ann R (Ext n A +1 (M,K n+1 ))). 
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For ease of notation set I n = Ann^(Ext^ +1 (Af, K n+ \)), then 
proj.dim Atj (M„) > n <^ p e V(I n ). 



(2.B) 




(2-C) 



Let / be the union of the chain in (2.C); its an ideal since its the union of a chain of 
ideals. It is clear that V(I) = V({J™ =0 Rad(I„)) = n~ =0 ^(Rad(7 n )) = n~=o V(I n ). Now 
if p £ V(I), then p £ V(I n ) for all n, hence by (2.B) proj.dim Ai) (M p ) = oo. But this is a 
contradiction, hence V(I) must be empty, and thus I = R. Consequently I t = R for some 



Corollary 2.6. Suppose that A is a module-finite R-algebra. Then 

(1) For every m € Maxi?, A m has only finitely many simple modules. 

(2) Suppose that K £ mod A such that for all Y £ mod A, Ext A (AT, Y) = for j >> 0. 
Then proj.dim A K < oo. 

Proof. (1) A m is a module-finite i?m-algebra. There are only finitely many simple A m - 
modules since they are annihilated by m and hence they are modules over the finite 
dimensional i?/m-algebra A/mA, which has only finitely many simples. 
(2) We know that mod A — > modA m is essentially surjective, so let Y £ mod A be such 
that Y m is the sum of the (finite number of) simple A m -modules. The assumptions imply 
that Ext A (K m , Y m ) = for high enough j, hence proj.dim Am K m < oo. This is true for 
all m € Maxi?, hence proj.dim At> K p < oo for all p € Speci?. By 2.5, it follows that 
proj.dim A K < oo. □ 

Now recall that A" g lis called homologically finite if for all y £ T, Hom<z(x, y[i]) = 
for all but finitely many i. 

Lemma 2.7. Suppose that A is a module-finite R-algebra. Then the homologically finite 
complexes in D b (modA) are precisely K b (proj A). 

Proof. Certainly every member of K b (proj A) is homologically finite, we just need the 
converse. If X is homologically finite, replace X by its projective resolution (P,d). The 
truncation of P, namely r>^P, is quasi-isomorphic to X for large enough i. Fix such an 
i. Thus, if we can show that ker(di) has finite projective dimension, certainly it follows 
that X belongs to K b (proj A). 

Now by the usual short exact sequence given by truncation, there is a triangle 



where Q 6 K b (projA). Since the first two are homologically finite, so is ker(dj). In 



2.3. MM and CT modules. We briefly recap the definitions of modifying, maximal 
modifying, and CT modules, then give some basic lemmas. 

Definition 2.8. [IW10] Let R be a d-CY~ ring. Then 

(1) X G ref R is called a modifying module z/End^(Af) G CMR. 

(2) We say X € ref R is a maximal modifying (=MM) module if it is modifying and 
further if X (&Y is modifying for Y £ ref R, then Y £ add A. Equivalently, 



t, and so Ext A +1 (M, K t+1 ) = 0. 



□ 



Q -)• X -> ker(di)[i] Q[l) 



particular, for all Y £ mod A, we have that Ext A (ker(di), Y) = for large enough j. By 
2.6(2), ker(di) has finite projective dimension, as required. □ 



add M = { X £ ref R \ End R (M © X) £ CM R}. 



(3) We call M £ CMR a CT module if 



addM = {X £ CMR | Eom R (M,X) £ CMR}. 



The following three results will be used extensively. As in [IW10], if X g modi?, we 
denote fl X to be the largest finite length i?-submodule of X. 
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Lemma 2.9. [IW10, 2.6] Suppose that R is a 3-CY ring, and let M £ ref R. 

(1) If M is modifying, then flExt]j(M,M) = 0. The converse holds if M € CMi?. 

(2) Assume that R is an isolated singularity. If M is modifying, then it is rigid. The 
converse holds if M € CMR. 

Lemma 2.10. [IW10, 2.18(2)] Suppose that R is a d-CY~ normal domain, and M £ 
ref R. Then M is modifying if and only i/Endij(JVf) is d-CY~ . 

Proposition 2.11. [IW10, 5.14(2)] Let R be a 3-CY" normal domain, and assume that R 
has a CT module. Then the MM modules which are CM (equivalently, the MM generators) 
are precisely the CT modules. 

It is not clear from the definition, but it is nevertheless true [IW10, 5.5], that the 
property CT can be checked complete locally, that is M is a CT i?-module if and only 
if M m is a CT i? m -module for all m € Maxi?. In §3, this corresponds to the fact that a 
scheme X is non-singular if and only if complete locally it is non-singular. 

We do not know whether the property of being MM can be checked locally, but 
certainly it cannot be checked complete locally. One direction is true, namely if M m 
is a MM i? m -module for all m € Maxi?, then M is a MM R- module. However, it is 
precisely the failure of the converse that is the algebraic phenomenon corresponding to 
the difference between Q-factorial and complete locally Q-factorial singularities in §3. 

Example 2.12. Consider the element / = x 2 + x 3 + y 2 — uv in the ring C[u, v, x, y], and 
set R := C[u,v,x,y]/(f). Then R is a maximal modifying i?-module, but R m is not a 
maximal modifying i? m -module, where m = (u,v,x,y). 

Proof. Suppose M is a modifying i?-module. We show that M is projective. Since R has 
an isolated singularity only at m, we know that Ext^,(M, M) = 0, and M is locally free 
on the punctured spectrum. Thus we just need to prove that M m is a free i? m -module. 
Certainly Ext^ m (M m , M m ) — and so M m is a modifying i? m -module. But R m is a local 
Gorenstein factorial domain (since \Jx + 1 does not exist Zariski locally), hence by 2.14 
M m is free. 

For the last statement, since y/x + 1 exists (and is a unit) in the completion, R m is 
isomorphic to C[[u, v, x, y]]/ (uv — xy), for which R m © (u, x) is a modifying module. □ 

We record here the following easy lemma, which shows the first link between modify- 
ing objects and factoriality. Recall that CM R denotes the stable category of CM modules, 
where we factor out by those morphisms which factor through projective i?-modules. 

Lemma 2.13. Suppose R is 3-CY~ normal domain, with isolated singularities. Consider 
the statements 

(1) R is a MM module. 

(2) Every modifying R-module is projective. 

(3) CM R is rigid-free. 

(4) R is locally factorial. 

Then we have (1) ^> (2) <^ (3) (4). 

Proof. (1)=>(2) Let M G ref R be any modifying module, then since R is maximal we may 
hnd a 2-term ^-approximation of M [IW10, 4.6] 

-> Fi -> F 4 M 

with Fi £ addi? = proj(iZ). Since this is an i?-approximation, necessarily / is surjective. 
Thus proj.dim^M < 1. By [AG60, 4.10], if proj.dim^M = 1 then Ext^(M,M) ^ 0. 
However, since R is isolated, ExtJj(M, M) — by 2.9(2). Hence M is projective, as 
required. 

(2) =>(3) is clear, since Hom C Mfl(M, M\i\) = Ext^(M, M). 

(3) =>(1) Suppose that End R (R® X) € CM R for some X e ref R. Necessarily X e CMR 
with X modifying. Hence X is zero in CM R, i.e. X E addi?. 

(2)=>(4) Since i? is a normal domain, all members of the class group are modifying R- 
modules. Hence every member of the class group is projective, so the result follows. □ 
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In future sections we will often use the following result from commutative algebra: 

Theorem 2.14. [Daol, 3.1(1)] LetR = S/(f) where S is a regular local ring of dimension 
four, containing a field k, and f is a regular element in S. If R is a (^-factorial isolated 
singularity, then the free modules are the only modifying modules. 

Proof. This is the equi-characteristic version of [Daol, 3.1(1)], but since loc. cit. is in 
somewhat different language than used here, so we sketch Dao's proof. Let N G ref R 
such that Endfl(iV) G CMR. Since R is isolated, Ext R (N, N) = by 2.9(2). On the other 
hand, by [Dao2, 4.1], TV is a Tor-rigid i?-module. These two facts imply, via a result of 
Jothilingham [Jo75, Main Theorem] (see also [Daol, 2.4]), that N is free i?-module. □ 

Corollary 2.15. Let R be a 3-CY~ normal domain over k, which locally has only isolated 
hypersurface singularities. Then the following are equivalent: 

(1) R is a MM module. 

(2) Every modifying R-module is projective. 

(3) CMR is rigid-free. 

(4) R is locally factorial. 

Proof. (1)<^(2)<^(3)=>(4) is 2.13. 

(4)^(1), suppose that M G ref i? with Etxd R (R®M) G CM R. Then End Rm (R m © M m ) G 
CMi? m with R m satisfying the assumptions of 2.14, hence M m is a free i? m -module. Thus 
M m G addi? m for all m G Maxi?, so M G addi? [IW10, 4.11]. □ 

Remark 2.16. The corollary is false if we remove the isolated singularities assumption, 
since then it is not necessarily true that (4) implies (1). A concrete example is R = 
C[x, y, z, t]/(x 2 + y 3 + z 5 ). Also, note that in the isolated singularity case it is a little 
unclear if the hypersurface assumption is strictly necessary; indeed Dao conjectures his 
result still holds in the case of complete intersections [Dao3, §4]. By itself, the statement 
in 2.14 does not refer to Tor-rigidity, so may even be true in full generality. We remark 
that removing the hypersurface assumption in 2.15 would allow us to bypass the use of 
the classification of terminal singularities later. 

We note that the maximality of a given modifying module can be determined cate- 
gorically, generalizing 2.13. 

Proposition 2.17. Suppose that R is normal 3-CY~~ , and let M be a modifying R-module. 
Set A M := End R (M). Then 

(1) M is a MM R-module <^ fl HomcM A M ( Y , ^M) 7^ for allO^Y G CM A m ■ 
If further Am has isolated singularities, then 

(2) M is a MM R-module Hohicma,^, Y[l]) ^ for all ^ Y G CM Am- 
Hence if Am has isolated singularities, then M is maximal modifying if and only if the 
category CM Am is rigid-free. 

Proof. (1) By reflexive equivalence, there exists X G ref R such that End R (M © X) G 
CM R if and only if there exists X G ref R such that End Aflf (A M ©Hom fl (M, X)) G CM R. 
Now Am G CM R by assumption, further 

Hom Aif (A M ,Hom fl (M,I))6CMi? <^ Bom R {M, X) G CMR 

and 

Rom AM (Hom R {M,X),A M ) eCMR <^ Hoiha m (M, X) G CM R. 
Thus there exists X € ref R such that End_fj(Af © X) G CMi? if and only if there exists 
X G refi? with Hom R (M,X) G CMi? and End AM (Hom fi (M,X)) G CMi?. That is, if 
and only if there exists Y G CM Am with EndA M (^) G CM(Am)- The statement now 
follows from the depth lemma (see e.g. [IW10, 2.5]). 

(2) Is immediate from (1), since if Am has isolated singularities then Ext A (Y, Y) has 
finite length. □ 

Remark 2.18. We conjectured in [IW10] that in dimension three MMAs always have 
isolated singularities (see 3.13 for some evidence), so the key property from 2.17 is that the 
stable category of CM modules is rigid-free. Note that End R (M) is a NCCR if and only 
if the stable category is zero. Hence when passing from NCCRs to MMAs, the categories 
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under consideration are no longer zero, but instead are replaced with categories that are 
rigid-free. This motivates §3. 

One application of the results so far is the following much simpler proof of [IW10, 
4.14], which avoids many subtle global-local arguments. We will use the following later. 

Proposition 2.19. Suppose that R is normal 3-CF", and M £ ref R is a modifying 
R-module. Suppose that N £ ref R such that End (AT) is derived equivalent to End#(Ai). 
Then 

(1) iV is also modifying. 

(2) If M is maximal modifying, so is N. 

(3) If M is CT, so is N. 

Proof. (1) Since End«(M) is 3-CY~ by 2.10, so is End fi (A r ) since 3-CY" algebras are 
closed under derived equivalences. Hence End^iV) £ CMR by 2.10. 

(2) The derived equivalence induces an equivalence between the singular derived categories 
by 2.7. Since both M and A" are modifying by (1), by 2.3 we obtain 

CMEnd fl (M) re D S g(Endij(M)) « D sg (End 7? (A r )) ps CM End b (AO. 

Hence the result follows from 2.17(1). 

(3) Since finite global dimension is preserved under derived equivalences, this is obvious 
[IW10, 2.19]. * ~ □ 

3. Singular Derived Categories and Q-factorial terminalizations 

3.1. Preliminaries. Recall that a scheme X is called Gorenstein if Ox, x is a Gorenstein 
local ring for all closed points x £ X . We say that a scheme X satisfies (ELF) if X is 
separated, noetherian, of finite Krull dimension, such that cohX has enough locally free 
sheaves. This is automatic in many situations, for example if X is quasi-projective. 

Definition 3.1. Suppose that X is a Gorenstein scheme. We say that T £ cohAT is a 
Cohen-Macaulay (=CM) sheaf if Ext 1 (T, O x ) = for all i > 0. 

Under the assumption that X is Gorenstein, T £ coh X is a CM sheaf if and only if 

= £xt l (F,O x ) x = Ext^ x jT Xl O x , x ) 

for all x £ X and all i > 0, i.e. if and only if T x is a CM 0x,a;-module for all x £ X . 

Lemma 3.2. Let R be a noetherian ring of finite Krull dimension, then for any M £ 
Modi? 

proj.dim J j m (M m ) < oo for all m £ Maxi? proj.dim H (Ai) < dimi?. 

In particular, if R has isolated singularities {mi, . . . ,vn n }, then for any M £ Modi? 
proj.dinijj (M mi ) < oo for all 1 <i <n proj.dim fl .(Af ) < dimi?. 

Proof. We prove the first statement, since the second follows from the first. 
(<=) is trivial 

(=>) By a result of Bass and Gruson-Raynaud [GR71, 3.2.6] (see also [F77, 3.2]), for any 
commutative noetherian ring A, 

FPB(A) = sup{proj.dim(M) : M £ Mod A and proj.dim A (M) < oo} = dim A. 

The hypothesis implies that proj.dim^ (Ai p ) < oo for all p £ Speci?, thus by the 
above, necessarily proj.dim R (M p ) < dimi? p < dimi? for all p £ Speci?. In particu- 
lar flat.dim fl)1 (M p ) < dimi? for all p £ Speci?. Now X £ Modi? is zero if X p = for 
all p £ Speci?, so since Tor groups always localize, M has finite flat dimension. Thus 
by [ , Prop 6] M has finite projective dimension, which by the result of Bass and 
Gruson-Raynaud above is necessarily less than or equal to dim R. □ 

Definition 3.3. We say that J- £ QcohX is locally free if X can be covered with open 
sets U for which each T\u is a (not necessarily finitely generated) free Ox\u- m °dule. 

As in [Or03, §1] we consider 
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• the full triangulated subcategory *}3erf(X) of D b (cohX) consisting of objects which 
are isomorphic to bounded complexes of finitely generated locally free sheaves in 
D b (coh(X)). 

• the full triangulated subcategory £fr(X) of D b (QcohX) consisting of objects 
which are isomorphic to bounded complexes of locally free sheaves in D b (Qcoh(X)). 

Following Orlov [Or03, Or09], we denote B sg (X) := D b (cohX)/<}3etfpO and B' 5g (X) := 
D b (QcohX)/ £ft(X). The following is evident, and is well-known: 

Lemma 3.4. Let R be a commutative noetherian ring of finite Krull dimension, then 
K b (Freei?) £ft(Speci?) K b (Proj R). 

Proof. We have natural inclusions K b (Freei?) C £ft(Speci?) C K b (Proji?) since every 
free module is clearly locally free, and further every locally free i?-module is locally pro- 
jective, thus projective by a result of Gruson-Raynaud [GR71, 3.1.4(3)]. We claim that 
K b (Proji?) = K b (Freei?), as then we have equality throughout. This is similar to [R89, 
2.2] — by the Eilenberg swindle, if P £ Proj R, there exists F e Freei? such that P © F 
is free. Hence from every object of K b (Proj R) we can get to an object of K b (Freei?) by 
taking the direct sum with complexes of the form —> F — >• F —> 0, which are zero objects 
in the homotopy category. □ 

Corollary 3.5. Suppose X satisfies (ELF), and has isolated singularities . . . , x n }. 
If T € QcohX with proj.diniQ^ ^ G^xJ < 00 for all 1 < i < n, then T g £ft(X). 

Proof. Choose an affine cover of X, then on each affine piece U — Speci?, F m is an 
i? m -module with finite projective dimension for all the isolated singularities m lying in 
U. Hence F\u € K b (Proji?) by 3.2, so by 3.4 it follows that F\u is isomorphic, in 
D b (Qcoh[7), to a complex in £ft(£7). Since X satsifies (ELF), membership of £ft(X) can 
be checked locally (see [Or03, 1.7, proof of 1.14]), so it follows that T G £ft(X). □ 

We will also require the following well-known lemma, due to Orlov. If S is an ob- 
ject in a triangulated category T, we denote (<S)r to be the smallest thick triangulated 
subcategory of T containing S. 

Lemma 3.6. (Orlov) Suppose that X satisfies (ELF), and has only isolated singularities 
{x\, . . . , x n }. Denote the corresponding skyscraper sheaves by k\, . . . , fc„. Then D sg (X) = 

(®r=ifci) Dse (x)- 

Proof. By assumption the singular locus consists of a finite number of closed points, hence 
is closed. It follows that D sg (X) = (coh{ Xli ... iXn } X)n(x) by [CIO, 1.2]. It is clear that 
every coherent sheaf supported in {x\, . . . , x n } belongs to (©™ =1 fci)D sg (x)- D 

The following is "folklore" in the sense that many people expected it to be true, 
however in the non-local case subtleties arise in the proof. Certainly the idempotent 
completion part also follows from work of Orlov [Or09], and is well-known to experts 
[BK11]: 

Theorem 3.7. Suppose that X is a Gorenstein scheme of dimension d satisfying (ELF), 
with isolated singularities {x\, . . . , x n }. 

n 

(1) There is a fully faithful functor D sg (X) M> ffl CM Ox Xi which is essentially surjective 

i=l 

up to summands. 

(2) Taking the idempotent completion gives an equivalence D sg (X) s» CM 0y I; . 

Proof. For each Xi, consider a morphism /, := Spec Ox. Xi ^ SpecRi -4 X where Speci?j 
is some affine open containing Xi. The functor gi * is just extension of scalars corresponding 
to a localization Ri — ¥ Ri m , so gi„ is exact and preserves quasi- coherence. Further hi is 
an affine morphism, hence hi * also is exact and preserves quasi-coherence. Hence each 
/, * is exact and preserves quasi-coherence. 

Now the collection of the /, induce a morphism 



Spec(Ox,. 1 © ... © O x ,x n ) = LI Spec O x , Xi ^ X. 
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For convenience, denote S := Ox. Xl © ■ • ■ ffi Ox,i„, then the above induces an adjunction 

/* 

QcohX . QcohS 1 = QcohOx,^ 

/. <=i 

which explicitly is given by = (J" X1 , . . . , F Xn ) and /*(0i,... ,</„) = ®fi*Gi- These 
functors are exact, so induce an adjunction 

/* « 
D b (QcohX) " D b (Qcoh5) = 0D b (QcohO x . Xi ) 

/, i=l 

in the obvious way. It is clear that /* takes locally free sheaves to projective modules, 
and so sends £ft(X) to K b (Proj S) = £ft(5). 

Now each /j* is an affine, fiat morphism so fi*Ox, Xi is a flat Ox-module. Further, 
each /j* preserves sums, so takes projective Ox,xi -modules to flat Ox-modules. Conse- 
quently, it follows that /* takes a projective ^-module P to a sheaf /*(P) for which f*(P) x 
is a flat Ox,ir-module for all a; € X. Since flat modules have finite projective dimension 
(by [J70, Prop 6]) certainly proj.dimg, _ (f*(P) Xi ) < oo for all 1 < i < n, hence by 3.5 
/*(P) G £ft(X). This implies that /* takes a complex C in K b (ProjS) = £ft(5) to a 
bounded complex f*(C) which has, in each non-zero degree, an object in £fc(X). Since 
£fc(X) is a full triangulated subcategory, by induction on the number of non-zero terms 
it follows that /*(C) belongs to £fc(X). 

Hence the above exact adjunction induces an exact adjunction 

f. 

Now denote the skyscraper sheaves in X corresponding to the singular points by 
ki, ■■ ■ ,k n . By 3.6 we know that the thick closure (taken inside D sg (X)) of ©f =1 fcj equals 
D sg (X). We do not necessarily know that D sg (X) is thick inside D' sg (X), however certainly 
(®f =1 ki)r>' s , the thick closure of (B™ =1 h inside D' 5g (X), contains D sg (X). 

Note that f*of*{h) = /*(0, . . . , 0, k h 0, . . . , 0) = f^h = h for all 1 < i < n. This 
implies that /*o/* = 1 on (©" =1 /ci)D^, and so /* is fully faithful out of (®" =1 fci)D^ g - It is 
clear that /* takes D sg (X) to D sg (5), so since D sg (X) is contained inside (®" =1 fci)D^ g , we 
deduce that 

B sg (X) 4 D 5g (5) 

is fully faithful. Now Imf* is a triangulated subcategory of D 5g (5 l ) and by the calculation 
above Im/* contains the set S := {(0, . . . , 0, ki, 0, . . . , 0) | 1 < i < n}. By 3.6 we 
know that these generate the components D sg (Ox,a; i ) of D sg (5), That is to say, the thick 
closure (inside D sg (5)) of the set S equals D 5g (5). Now Im/* is a triangulated category 
containing S, hence the thick closure of Im/* equals D sg (5). But always, the thick closure 
of a triangulated subcategory is the class of summands of objects of that subcategory [N0I , 
2.1.39], so we deduce that /* is an equivalence up to summands. 

The first statement in the theorem now follows from the well-known equivalence 
Dsg(Cx.i.) ~ CM Ox,xj due to Buchweitz [Bu86, 4.4.1]. The second statement follows 
from (1), since the idempotent completion of CM Oy ,, is CM O x ■r i [ , A.l]. □ 

The first corollary of 3.7 is the following alternative proof of [Or03, 1.24], which we 
will use later: 

Corollary 3.8. Suppose that X is a d- dimensional Gorenstein scheme over k, satisfying 
(ELF), with isolated singularities. Then all hom-spaces in D sg (X) have finite k-dimension. 

Proof. Since each Ox, Xi is isolated, HompM o x (A, B) = Ext^ x (fL4, B) is supported 
only on the maximal ideal of Ox, Xi , hence has finite length. But each Ox, Xi is a finitely 
generated fc-algebra, so by the Nullstellensatz its residue field is a finite extension of k. 
By 3.7(1), the result follows. □ 



14 



OSAMU IYAMA AND MICHAEL WEMYSS 



3.2. Rigid-free, Q-factoriality and MMAs. In this section we characterize the Q- 
factorial property in terms of the singular derived category, and then relate this to MMAs. 
The following is a generalization of 2.13(3)=>(4). 

Proposition 3.9. Suppose that X is a Gorenstein normal scheme satisfying (ELF), of 
dimension three which has only isolated singularities {x\, . . . , x n }. IfD sg (X) is rigid- free, 
then X is locally factorial. 

Proof. Suppose that D sg (AT) is rigid- free. By Auslander-Buchsbaum, any CM sheaf which 
is zero in D sg (X) is necessarily locally free. Hence the assumption implies that if T is 
some CM sheaf on X for which HomD^jxjfJ, -^[l]) = 0, then T is locally free. But by 
3.7(1) 

n n 

Hom Dsg(x) (J-, S ($Kom Bsg{0x ^(F Xi , ^[1]) S ©Ebct^ {F Xi , F Xi ), 

i=l i=l 

hence if J 7 is a CM sheaf on X for which Ext^ x ^ (J : Xi , T Xi ) = for all 1 < i < n, then T 
is locally free. 

Now let Q £ C1(X). Certainly Q x £ G\(Ox,x) for all x £ X, so since Ox,x is normal 
we have Endo Xa . {Q x ) = Ox,x & GMOx : x for all x £ X. But Ox,x is isolated, so by 
[IW10, 2.6] Exto x x (G x ,G x ) = for all x £ X. Since X satisfies (ELF) we may find a 
short exact sequence 

(3.D) 

with V a locally free sheaf. Now localizing (3.D) to a point x € X gives 

-> /C, -> V, -> & -> (3.E) 

and so since Q x £ ref by counting depths we see that JC X £ CM.Ox.x- This holds for 

all x £ X, so JC is a CM sheaf. But on the other hand (3.E) is an Ox.z-approximation of 
the reflexive Ox.x-module Q x , so by [IW10, 4.4] End 0x x (/C x ) £ CMO x , x - Since O x , x is 
isolated, this forces ExtJ) x ^ {K x , K, x ) = for all x £ X . Since /C is a CM sheaf, by above 
we deduce that JC must be locally free. 

Thus (3.E) now shows that proj.dim 0x m Q x < 1 for all x £ X. By [AG60, 4.10], if 

proj.dim 0x x Q x = l then ExtQ x ^(G x ,G x ) ^ 0. Since Ext^ x x (G x , Gx) = 0, it follows that 
proj-dim^^^ Q x — 0. This shows that G is locally free, hence every member of the class 
group is locally free and so X is locally factorial. □ 

Even although we do not know if the functor in 3.7(1) is strictly an equivalence, 
provided the singularities are at worst hypersurfaces, the existence of rigid objects can be 
checked on either side: 

Theorem 3.10. Suppose that X is a normal 3-dimensional Gorenstein scheme over k, 
satisfying (ELF), with isolated singularities {x\, . . . , x n }. 

(1) If Ox.xi are hypersurfaces for all 1 < i < n, then the following are equivalent: 

(a) X is locally factorial. 

(b) X is Q-factorial. 

(c) D sg (X) is rigid-free. 

(d) CM 0y T is rigid-free for all closed points x £ X . 

(2) If Ox,xi are hypersurfaces for all 1 < i < n, then the following are equivalent: 

(a) X is complete locally factorial. 

(b) X is complete locally Q-factorial. 

(c) D sg (X) is rigid-free. 

(d) CM Qy t is rigid-free for all closed points x £ X. 



Proof. (1) (a)=>(b) is clear. 

(b) =Kd) follows from 2.14. 
(d)=>(c) follows from 3.7(a). 

(c) =^(a) follows from 3.9. 

(2) The proof is identical to the proof in (1). 



□ 
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We define 'derived equivalence' on the bounded level, so we say that X is derived 
equivalent to A if and only if D b (cohA") is equivalent to D b (mod A). 

Lemma 3.11. Suppose that X satisfies (ELF), and is over a field k. Suppose that A is 
a module-finite R-algebra, such that X is derived equivalent to A. Then 

(1) <Petf(X)«K b (projA). 

(2) D sg (A)«D 5g (A). 

(3) X is smooth •<=>■ gl.dimA < oo. 

Proof. (1) In [Or05, 1.11], under the assumptions above Orlov shows that tyexf(X) are 
precisely the homologically finite complexes in D b (cohA"). The result follows by 2.7. 

(2) follows from (1). 

(3) We first claim that X is smooth D sg (AT) = 0. This is well known — certainly if 
X is smooth then D sg (X) = [Or03, 1.9]. If D 5g (AT) = 0, then every coherent sheaf has 
finite homological dimension, hence the skyscrapers all have finite homological dimension, 
hence X is smooth. Since A is noetherian, it is also well know that D sg (A) = if and only 
if gl.dimA < oo [R08, 7.26]. Hence the result follows by (2). □ 

Corollary 3.12. Let R be normal d-CY~ over k, and suppose that M £ rcf R is modify- 
ing. Suppose that A is derived equivalent to X , where X is some d- dimensional Gorenstein 
scheme, over k, satisfying (ELF), with only isolated singularities. Then A has isolated 
singularities. 

Proof. The derived equivalence induces D sg (X) « D sg (A) by 3.11, hence the result follows 
by combining 3.8 and 2.4. □ 

We are now in a position to relate maximal modification algebras and Q-factorial 
terminalizations. The following is the main result of this subsection: 

Theorem 3.13. Let R be 3-dimensional normal Gorenstein domain over k, and suppose 
that Y — ¥ Spec R is a proper birational map, where Y is normal and has only isolated 
singularities {x±, . . . , x n } where each Oy.xi is a hypersurface. Assume that Y is derived 
equivalent to End^(Af) for some modifying R-module M , then 

(1) Y is Q-factorial End/? (M) is a MMA with isolated singularities. 

(2) All maximal modification algebras have isolated singularities, and are all derived equiv- 
alent. 

Proof. Since the singularities are isolated, note first that A := Endfl(M) has isolated 
singularities by 3.12. 

(1) The derived equivalence forces D sg (Y~) ps D 5g (A) by 3.11, which by 2.3 is equivalent to 
CM A. The result follows by combining 2.17 and 3.10(1). 

(2) Since A has isolated singularities, all maximal modification algebras have isolated 
singularities and are derived equivalent by [IW10, 4.9, 4.12]. □ 

Remark 3.14. When k = C and Y has only terminal singularities, the geometric assump- 
tions in 3.13 are satisfied. Terminal singularities are isolated for 3-folds [KM98, 5.18], and 
Gorenstein terminal singularities are Zariski locally hypersurfaces [R83, 0.6(1)] 

The following corollary will be used in §4. 

Corollary 3.15. With the setup as in 3.13, suppose further that R is complete local. 
Then the following are equivalent. 

(1) X is Q-factorial. 

(2) Endfl(Af) is a MMA with isolated singularities. 

(3) X is complete locally Q-factorial. 

Proof. (1)=>(2) is 3.13(1). 

(2) =>(3) Since R is complete, CM EndnfM) is already idempotent complete, since it is an 
additive category which is Krull-Schmidt [CYZ, A.l]. This implies that D sg (End^(Af)) = 
D sg (Endfl(A/)) and so the result follows by 3.10(2). 

(3) =>(1) is obvious. □ 
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4. cA n SINGULARITIES VIA DERIVED CATEGORIES 

We now illustrate the results of the previous section to give many examples of maximal 
modification algebras. 

Proposition 4.1. (Shepherd-Barron, unpublished) Let R = C[u, v, x, y]/uv — f(x, y) be 
an isolated cA n singularity. Then the following are equivalent 

(1) There does not exists a non-trivial crepant morphism Y — > Speci?. 

(2) f{x,y) is irreducible. 

(3) R is factorial. 

(4) R is a maximal modifying R-module. 

Proof. (1)=>(2) If f(x,y) factors as / = /1/2 then blowing up the ideal (u, fi) yields a 
non-trivial crepant morphism. Hence f(x,y) cannot factor. 

(2) =>(3) is clear (see e.g. proof of 5.4(1)). 

(3) =>(1) If there exists such a non-trivial crepant map, since R is terminal necessarily the 
map must have one-dimensional fibres. Hence by [V04a, 3.2.10] there exists a non-trivial 
modifying module, so it follows from 2.14 that R cannot be factorial, a contradiction. 
(3)<^>(4) is a special case of 2.15. □ 

4.1. Crepant Modifications of cA n singularities. In this section we work over the 
field K and restrict to the complete local case, since it vastly simplifies the proof of the 
main theorem 4.2. See 4.7 for remarks on the non-local case. 

Define R := K[[u,v, x,y]}/ (uv — f(x,y)), with / 6 m := {x,y) C K[[cc,?/]]. We let 
/ = fx . . . f n be a factorization into (not necessarily distinct) prime elements of K[[x, y]]. 
We remark that when K — C, R is a cDV singularity of type A (see e.g. [BIKR, 6.1(e)]), 
which is terminal if and only if R is an isolated singularity [RcS3, 1.1]. 

For any subset i C {1, . . . , n} we denote 

// = J[fi and Tj := (ujj) 

which is an ideal of R. For a collection of subsets 

0C/iC/ 2 C...C7 m C{l,2,..,n}, 

we say that T — (Ji, . . . , I m ) is a flag in the set {1, 2, . . . , n}. We say that the flag T is 
maximal if n = m+ 1. Given a flag T = (ii, . . . , I m ), we define 

(m 

Geometrically, given a flag T — (Ji, . . . , I m ) we define a space X T as follows: first, 
blowup the ideal (u, fx ± ) in R — K[[u, v, x, y]]/(uv — f). This yields a space X 11 covered 
by two open charts, given explicitly by 

K[[u,x,y]][V] K[[v,x,y]][U] 

Hi .= — and R 2 ■= — — - f . 

uV = f h Uv = -f- 

Note that the new co-ordinates V — and U = jj- glue to give a copy of P 1 inside X 11 
(possibly moving in a family), which maps to the origin of Speci?. 

Next blowup the divisor (U,fi 2 ) in the second co-ordinate chart R2, and call this 
space X l2 . Note that the zero set of the divisor (U,fi 2 ) does not intersect the first co- 
ordinate chart R\, so under the second blowup R\ is unaffected. Locally above R2, the 
calculation to determine the structure of X 1 " 1 is identical to the above, giving a cover of 
X 1 " 1 by the three affine open sets 

ni^x,y}}[V} K[[u,x,y}}[V] ^ K[[v,x,y]][U] 

uV = f h uV = f l2 ^ Uv = 77 fj 7 -- 

Hence we have produced another P 1 (again which might move in a family) which maps to 
the origin of R2 and hence to the origin of R. 
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Continuing by blowing up the ideal (U, fi a ), in this way we obtain a chain of projective 
birational morphisms 

x i m x i m -i _^ _ _ _ _> X h _> SpecR, 

and we define X^ := X Im . See 4.6 later for a picture of this process. 

Theorem 4.2. Given a flag J- = (ii, . . . , I m ), denote X^ and as above. Then X^ 
is derived equivalent to End^(T" F ). 

Proof. In the explicit calculation for X^ above, the preimage of the unique closed point 
of Spec R is a chain of P 1 's (some of which move in a family) , in a type- A configuration. 
Now by [V04a, Thm. B], there is a tilting bundle on X^ given as follows: let C = / _1 (m) 
where m is the unique closed point of Spec R. Giving C the reduced scheme structure, 
write C ro d = U, e /Ci, and let Ci denote the line bundle on X^ such that Ci ■ Cj — Sij. If 
the multiplicity of Ci in C is equal to one, set Mi := Ci [V04a, 3.5.4], else define Mi to 
be given by the extension 

-»■ -> Mi -> Ci -> 

associated to a minimal set r*j — 1 of generators of H 1 (X jr , Cf 1 ). Then O (Bi£i Mi is a 
tilting bundle on X F [ I ia, 3.5.5]. 

In our situation, let Ci be the curve in X^ , above the origin of Spec R, which in the 
process of blowing up first appears in X Ii (see 4.6 for a picture of this). We now claim that 
all the curves Ci have multiplicity one. If some Ci had multiplicity greater than one, then 
Mi would be a indecomposable bundle with rank greater than one [V04a, 3.5.4]. But this 
would imply, by [V04a, 3.2.9], that its sections H°(Mi) := Mi is an indecomposable CM 
.R-module of rank greater than one, such that Endfl(M^) G CMR. But this is impossible 
(see e.g. 5.1). Hence all curves have multiplicity one, and so O (B™ =1 Ci is a tilting bundle 
onI f . 

Now End x ^(0 ®™ t C t ) = End fl (i? ®" i H (d)), and so it remains to show that 
R H°(d) = T T . In fact, we claim that H n (Ci) = (tt,//J. But it is easy to see 
(for example using the Cech complex) that the rank one CM module H°(Ci) contains the 
elements u and fj t . Hence H°(Ci) is a rank one CM module containing the ideal (it, fi t ). 
But this ideal is a rank one reflexive module (see e.g. 5.4), hence the natural inclusion 
( u j fii) ~^ H (Ci), being a height one isomorphism, is an isomorphism. □ 

So as to match our notation with [BIKR] and [DH10], we can (and do) identify 
maximal flags with elements of the symmetric group ©„. Hence we regard each u € & n 
as the maximal flag 

Ml)} c {w(l), w(2)} C . . . C Ml), . . . ,«(n - 1)}. 

The following is simply a special case of 4.2. 

Corollary 4.3. Let uj £ & n , then X u is derived equivalent to End^(r w ). Further, X u is a 
space in which the set of completions of the singular points is precisely {K[[u,v,x,y]]/(uv— 
h)\l<i<nj l £{x 1 y) 2 }. 

This yields the following generalization of [BIKR, 1.5] and [DH10, 4.2], and provides 
a conceptual reason for the condition /, <j£ m 2 . 

Corollary 4.4. Suppose f\, . . . , f n G m := (x, y) C IK[[ir, y]] are irreducible polynomials. 
Let R = K[[w, v, x, y]]/(uv — f\ . . . /„), then 

(1) Each T u (u G & n ) is a MM R-module generator. The corresponding endomorphism 
rings all have isolated singularities. 

(2) T u are CT modules f t (£ m 2 for alll<i<n. 

Proof. (1) Endfl(T") is derived equivalent to a space whose (complete local) singularities 
are listed in 4.3. Since each fi is irreducible, these are all factorial (4.1). Hence the result 
follows from 3.15. 

(2) r is CT if and only if End fi (T") is a NCCR [IW10, 5.5]. Since End R (T u ) G CMi?, 
this occurs if and only if gl.dimEnd/?(T w ) < oo. By 3.11, this occurs if and only if X u is 
smooth. But by 4.3, this happens if and only if each uv = fi is smooth, which is if and 
only if each fi ^ m 2 . □ 
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Remark 4.5. For a non-derived category proof of the above, see 5.17 and 5.19. Note 
that 5.17 and 5.19 are stronger statements, since they assert that there are no other MM 
(respectively CT) generators, and they work over more general fields. 

Remark 4.6. It is useful to visualize the above in an example. Consider uv — /1/2/3/4 
and choose maximal flag T = (fa := {1} C h ■= {1,2} C I 3 := {1,2,3}). Thus 
T Il = (u,fa), T h = (u,fafa) and T Ia = (u, fa fa fa). Then we have the following: 




v « 



On the geometric side we have drawn the non-local picture; the complete local picture 
is obtained by drawing a tubular neighbourhood around all the red curves, and restricting 
to the origin in Spec R. 

Now on X Zl , the black dot is the singularity uv = fa, whereas the yellow dot is 
uv = 72/3/4- On X l2 , the latter singularity splits into uv = fa (middle black dot) and 
uv — fafa (yellow). The left hand black dot is still uv = fa. On X^ , the black dots 
are (reading left to right) uv = fa, uv = fa, uv = fa and uv = fa. All yellow dots 
correspond to non-Q-factorial singularities, and all black dots correspond to isolated Q- 
factorial singularities, possibly smooth. The yellow dots with squiggles through them 
are non-isolated singularities. In this example, so that we can draw a picture, we have 
assumed that (fa) — (fa), and (fa) 7^ (fa), so that uv = fafafa is non-isolated, but 
uv = fa fa is isolated. 

The red curves are the P^s which map to the origin in Speci?. The right hand curve 
in X 1 " 2 moves in a family (represented as blue lines) and 1^2 contracts the whole family; 
consequently ip2 contracts a divisor. However both tpi and tp3 contract a single curve but 
no divisor and so are flopping contractions. Note that Spec R and X 11 have canonical 
singularities, but X l2 and X^ have only terminal singularities. 

The precise form of the quiver relies on 5.21, but this can be ignored for now. Note 
that the geometric picture will change depending both on the choice of polynomials, and 
their ordering. Blowing up in a different order can change which curves move in families, 
and also normal bundles of the curves. Of course, this depends on the choice of the 
polynomials too. On the algebraic side, if we change the polynomials or their order then 
the number of loops change, as do the relations. Changing the ordering corresponds to 
mutation (see 6.13 later). 

On each level i the geometric space X 1 * is derived equivalent to the corresponding 
algebra by 4.2 . The top space has only Q-factorial terminal singularities, hence the top 
algebra is a MM A. 
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Remark 4.7. We believe that with the precise conditions on / as in 4.2, the result is 
true in the non-local case. However, this (and also the more general non-local situation) 
is quite a delicate problem, even when crepant resolutions exist. For example, in the case 
R = C[w, v, x, y]/uv — xy{y — 2), define the modules M :— (u,x), L\ := (u,x(y — 2)) 
and Li := (u,xy). Then M := R © M x and L := R L 1 ffi L 2 both give NCCRs (we 
can check this complete locally), but since addM = addL (again this can be checked 
complete locally by [IW10, 4.11]), they are Morita equivalent. By [V04b], inspecting their 
moduli we obtain a derived equivalence between the NCCRs and all crepant resolutions 
of Spec R. 

Hence our picture in 4.6 becomes 




tpi 




y u 



where ipi is obtained by blowing up the ideal (u, x). This relies on the fact that we a 
priori know that we have a NCCR, because we can check this (complete) locally. In a 
similar case uv = (x 2 + y 3 )y(y — 2) (where no NCCR exists), we cannot play this trick, 
since we do not know if MMAs can be detected locally, and also since completion destroys 
Q-factoriality we cannot reduce to the complete local setting. If instead we start with the 
space with two P 1 's and try to obtain a direct proof of the derived equivalence between 
the space and the two algebras (as in 4.2), things are also complicated by the fact that it 
is unclear which of the two is the 'natural' algebra to aim for. 

5. Classification of MM modules on cA n singularities 

In this section we give a proof of a strengthened version of 4.4, using only commutative 
algebra. As stated in the introduction, this is important since given a 3-fold singularity R, 
often the explicit geometry of a Q-factorial terminalization of Spec R is not known, so in 
such situations creating techniques to be able to argue directly on the base R is desirable. 

We keep the notation as in §4.1, and work over a field k. When k is algebraically 
closed, we denote it Ik. Set 

S := k[[x, y)} and R := S[[u, v]]/(f(x, y) — uv). 

We let / = fx . . . f n be a factorization into prime elements of S. Recall for any subset 
/ C {1, . . . , n} we denote 

fi~l[fi and Tj :=(«,//) 
iei 

which is an ideal of R. For a collection of subsets C Ii (J J 2 C ... C J m C {1, 2, n}, 
we say that JF — . . . , 7 TO ) is a flag in the set {1, 2, . . . , n}. We say that the flag T is 
maximal if n = m + 1. Given a flag T = (Ji, . . . , / m ), we define 

Again, as in §4.1, we can (and do) identify maximal flags with elements of the symmetric 
group, so for w e 6„, we let 

n 

:=0T{ w (i) 

3=1 
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5.1. Indecomposable modifying modules on cA n singularities. The first main re- 
sult 5.1 classifies the indecomposable modifying i?-modules which are CM, generalizing 
[DH10, 4.3] and [V04a, A.l] to cover non-isolated singularities. 

Theorem 5.1. When k = k, {T/ | / C {1, . . . ,n}} are all the indecomposable modifying 
CM R-modules. 

The proof of 5.1 requires some preparation. Let us first recall the following famous 
Nagata's Theorem. 

Proposition 5.2. (Nagata's Theorem) [R98, 1.2.4] Let T be a domain and S a multi- 
plicative set ofT. Then there exists a surjective group homomorphism C1(T) — » C\(Ts), 
I — > Is whose kernel is generated by height one prime ideals I with /flS^0. 

We also need the following general result to determine the precise structure of the 
class group. We denote by Ch(R) the Chow group of R. 

Proposition 5.3. [R98, Section 1.2] We have an injective homomorphism C\(R) — > 
Ch{R) sending I to £ htp=1 lengthy {{R/I) p )[p}. 

These give the following description of the class group of R. Note that part (3) in 
the following lemma is used implicitly in [DH10, 4.3], and its proof was communicated to 
us by Hailong Dao. We record it here for completeness. 

Lemma 5.4. (1) Cl(i?) is generated by the ideals (w, fi) for 1 < i < n. 

(2) Suppose that g,h € /c[[a;,?/]] such that gh divides f. Then [(u,c/)] + [(u, h)] — [(u,gh)]. 

(3) Every CM element in Cl(i?) has the form (u, fi) for some I C {1, . . . , n}. 

Proof. (1) Applying Nagata's Theorem for the multiplicative set S generated by u, we 
have a surjective group homomorphism Cl(i?) — > Cl(Rs) whose kernel is generated by 
height one prime ideals / with / n S ^ 0. Since 

R s ~ k[[x, y, u, v}]/ (v + u~ l f ) ~ k[[x, y, u, u" 1 ]] 

is a factorial domain, we have C\(Rs) is trivial. Thus Cl(i?) is generated by height one 
prime ideals intersecting with S. 

Let J be a height one prime ideal of R intersecting with S. Then u l G / for some 
i > 0, so we have u £ I since J is a prime ideal. Now consider the surjective map 

R = k[[x, y, u, v]]/{f - uv) R/{u) = k[[x, y, u, v)]/ (/, u) = k[[x, y, v]]/(f). 

Since / is a height one prime ideal of R, the ideal I/{u) is a minimal prime ideal of 
k[[x,y,v]]/(f). Thus I/{u) has to be (/i)/(/) for some i, and so we have / = (u, fi). 

(2) Since gh divides /, by considering the appropriate matrix factorization, we see that 
(u,gh) g CMR and (u,gh) has rank one. It follows that (u,gh) € Cl(i?) and hence by 
5.3 we only have to show that 

lengthy ({R/(u, g)) p ) + lengthy {(R/(u, h)) p ) = lengthy ((R/(u,gh)) p ) 

for all height one primes p. We know that R/ (u,g) = k[[x, y, v]]/ (g), R/ (u, h) = k[[x, y, v]]/(h) 
and R/(u,gh) = k[[x, y, v]]/(gh). Since we have an exact sequence 

-» k[[x, y, v]]/(g) k[[x, y, v]]/{gh) k[[x, y, v]]/(h) 0, 
the desired equality holds by localizing at p. 

(3) Let / = (x,y,u — v) be a system of parameters of i?, and let n denote the maximal 
ideal of R. Suppose that M is a CM member of the class group. Since R/I ~ k[u]/(u 2 ), 
we have length(i?/7) = 2. Further 

length(M/nM) < length(M/ IM). 

Now by [BH, 4.7.11(3)] 

length(M//M) = length(i?/J) x rank(M) = 2, 

and so the minimal number of generators of M is less than or equal to two. If it is one then 
there is nothing to prove, so assume that it is two. Pulling M across Knoerrer periodicity 
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(say to Mi), then the minimal number of generators of M\ is one. This means that there 
must be a matrix factorization 

k[[x,y]] 4 k[[x,y}] 4 k[[x,y]] -> Ah -> 

where h must divide /, say h = //. Pulling back across Knoerrer periodicity, we see that 
M must have the form (u, fj). □ 

Moreover, we require the following lemma: 

Lemma 5.5. Suppose that k — k. TTien for any modifying R-module M , we can choose 
a hyperplane section t satisfying the following two conditions. 

(1) R/(t) is an A m singularity, where m is the degree of the lowest term of f minus one. 

(2) t acts on E := Ext R (M, M) as a non-zerodivisor. 

Proof. Since R is a cA m singularity (see e.g [BIKR, 6.1(e)]), a generic hyperplane section t 
satisfies condition (1). If t acts on E as a zero divisor, then t is contained in an associated 
prime ideal of E. But depth R E > by [IW10, 2.6], so any associated prime ideal of E 
is necessarily non-maximal. Since E has only finitely many associated prime ideals, we 
can find a hyperplane t which is not contained in any associated prime ideal of E, and 
furthermore satisfies (1). □ 

Now we are ready to prove 5.1. 

Proof. Suppose that M £ CMR satisfies End^(M) € CMR, then certainly we have 
depth fl F,xt R (M, M) > by 2.9. We first claim that M has rank one, so suppose on the 
contrary that rkM > 1. 

By 5.5 we can pick t £ R such that i?i := R/(t) = k[[x, y, z]]/(x 2 + y 2 + z m ), and t acts 
on Ext R (M, M) as a non-zerodivisor. Denote A := End^(M), then applying Hoiilr(M, — ) 
to the exact sequence 

04Jtf4l-» M/tM -> 

yields 

0^A4A^ Rom R (M, M/tM) -> Ext^(M, M) A Ext^(M, M) 

Since t acts on F,xt R (M, M) as a non-zerodivisor, we have 

A/tA ~ Hom fl (Af, M/tM) ~ Endij(M/tM) = End fll (M/tM). 

Since i?i is a simple surface singularity of type A m _i, it is well-known (e.g. [Yos90]) that 
all indecomposable CM i?i-modules have rank one. Since rk^ (M/tM) = rk^(M) > 1, 
we have that M/tM is decomposable. Thus A/tA ~ End^j (M/tM) has a non-trivial 
idempotent. Since i? is complete, A = End^(Af) also has a non-trivial idempotent by the 
lifting idcmpotents property, a contradiction to indecomposability of M. Hence rkA/ = 1, 
so we can regard M as an element of C\(R). By 5.4(3), we have the assertion. □ 

5.2. MM and modifying modules on cA n singularities. In 5.1 we classified inde- 
composable modifying i?-modules, and we now proceed to prove 5.16, where we classify 
all basic modifying i?-modules, and all basic maximal modifying i?,-modules. Although 
these statements are for the three dimensional ring R, to prove them we need to pass to 
the onc-dimcnsional ring 

R* := S/(f). 

There is a triangle equivalence 

K : CM R b -> CM R 

called Knoerrer periodicity (valid for any field k by [S89, 3.1]) which is defined as follows 
[Yos90]: For any X G CMi? b , we have a free resolution 

R b(Bn R \>@n ^ R i,®n ^ X ^0 

where A and B are n x n matrices over S satisfying AB — BA — /Is™- Then KX is 
defined by the following exact sequence: 

( B -n\ ( A u \ 

R ®2n \-v A ) ) R@2n _U_B^ RSj2n ^ Rx ^ Q _ 



We use the following terminology, which will be justified by Kndrrer periodicity. 
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Definition 5.6. (1) We say that X G CMR b is a b-modifying module if 

depths Ext^ b (M, M) > 0. 

(2) We say that X G CM J? k is a maximal b-modifying (=MM b ) module if it is a b- 
modifying module, and further if X © Y is a b -modifying module for some Y G CMR b , 
then Y G addX. 

(3) We call M eCMR b a CT b module if 

add M = {Xe CMi? b | depth Ext 1 ^ (M, X) > 0}. 

Note that since R has dimension one, b-modifying i? b -modules do not correspond 
to modifying i? b -modules. However, we will see in 5.11 that b-modifying F^-modules 
correspond to modifying i?-modules, and that CT b i? b -modules correspond to CT R- 
modules. 

For any subset I C {1, . . . , n}, and any flag T — (1%, . . . , I m ) in the set {1, 2, . . . , n}, 
we define 

Si := S/ifj) £* R b /(fi) and S* := R b ^0 S Ij j . 

Again we identify maximal flags with elements of the symmetric group, and so for uj G & n 
we set S" := ©™ =1 The following is immediate: 

Lemma 5.7. Let J- be a flag in the set {1, . . . , n}. Then the Knoerrer periodicity functor 
sends S^ (respectively, S u ) to (respectively, T u ). 

The basic strategy is to prove the main theorem (5.16) by reduction to the one- 
dimensional case. It is easy to show that the property cluster-tilting is invariant under 
any triangle equivalence CM fii CM fe where R\ and R2 are commutative Gorenstein 
rings, however replacing questions involving Ext vanishing with questions involving Ext 
having positive depth is a little more subtle. 

First, we note that for any commutative ring R, the categories CM R and CMR are 
R-linear, i.e. R acts on each morphism set so that the composition is i?-bilinear. 

Lemma 5.8. Let Ri (i = 1,2) be commutative rings and let Ci be Ri-linear categories 
(i = 1,2). Suppose that F : C\ — > Ci is an equivalence of additive categories. Then for all 
X, Y G C\, the action of R± on Homc 1 (X, Y) and the action of R2 on Home 2 (FX, FY) 
commute under the isomorphism F : Homc 1 (X, Y) ~ Home 2 (FX, FY). 

Proof. Since C\ is i?i-linear, for r G i?i and a G Homc 1 (X, Y), we have 

r-a = (X^X^Y) = (X^Y^Y). (5.F) 
Similarly, since C2 is i?2-hnear, for r' G R2 and j3 G Homc 2 (X' , Y'), we have 

r' ■ p = (X' ^> X' A Y') = (X' A Y' -^A Y'). (5.G) 

We denote by * the action of R\ on Home 2 (-FX, FY) induced by the isomorphism F : 
Hom Cl (X, Y) ~ Hom C2 (FX, FY). Then for r G Ri and /3 G Hom C2 (FX, FY) 

r*j3 = F(r- F~\p)) ( *= F) F(X ^ X F ^ W ) Y) = (FX F[rlx \ FX A FY). (5.H) 
Now for all r G R\, r' G R2 and /? € Hom C2 (FX, FY) 

r' • (r * /?) ( = H) r' • (Fl -^H FX A FY") (5 = G) (FX flAfy-^ FY) 

( = H) FY") (5 = ) r * (/ • 0), 

as required. □ 

Recall from §2.3 that if X G modi?, we denote WrX to be the largest finite length 
i?-submodule of X . 
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Lemma 5.9. Suppose that k is a field and let (i?i,m) and (i?2,n) be commutative noe- 
therian local finitely generated k-algebras. Let M be an (Ri, Ri)-bimodule and assume 

(i) (Al^) ■ m — m ■ (XIr 2 ) for all A £ k. 

(ii) M is finitely generated as an R\-module and as an R2-module. 

Then fl^ x M = f\ R2 M. In particular depth^ M > if and only if depth R2 M > 0. 

Proof. fl fl2 M = {x £ M I 3r £ N with xn r = 0} is a sub i?i-module of M. Since 
M £ modi?2 is finitely generated and R2/XX is a finite dimensional fc-space, we have that 
dinife fl/? 2 M < 00. By (i) the action of k viewed inside R\ and the action of k viewed 
inside R2 coincide, so f\a 2 M is a module for the fc-algebra R\ for which dim/j fl^ 2 M < 
00. Certainly this implies that fl^ 2 M must have finite length as an i?i-module, and so 
fli{ 2 M C t\ Rl M. We have the opposite inclusion similarly. The last statement holds since 
for any commutative local noetherian ring R and any M £ mod R, depth^ M > 
f\ R M = 0. ' □ 

We now apply the above to Knorrer periodicity. The following is now immediate: 

Proposition 5.10. With notation as above, for all M,N £ CMR b we have 

(1) depths Hpm H b (M, N) > depth fl Uma R (KM, KN) > 0. 

(2) depths Ext]j b {M,N) > ^=4> depth fl Ext R (KM, KN) > 0. 

Proof. (1) Hom fib (M, N) = Eom R (KM, KN) is a (i? b , i?)-bimodule by 5.8. By construc- 
tion the Knorrer functor K is /c-linear, so the condition in 5.9(i) holds. Since the condition 
5.9(h) is clear, the result follows by 5.9. 

(2) We only have to apply (1) by replacing N by N[l] and use the fact that if is a triangle 
functor. □ 

Corollary 5.11. Suppose that M £ CMR b and N £ CMR are generators such that 
KM = N. Then 

(1) M is a b-modifying R b -module •<=>■ N is modifying R-module. 

(2) M is a MAT R b -module <*=^> N is a MM R-module. 

(3) M is a Ct> R b -module N is a CT R-module. 

Proof. The assertions follow from 5.10. □ 

The following two lemmas are the key calculations from dimension one that are needed 
in the proof of the main theorem (5.15). 

Lemma 5.12. Let R b be a local hypersurface of dimension one, M,N £ CM.R b . Then 

M* ® R , N £ CM R b depths Ext^ [M, N) > 0. 

Proof. Using the exact sequence 

-> Ext^ b (Tr N, M*)AN ® H b M* -> Hom fli (N* , M*) -> Ext^ b (Tr N, M*) ->■ 

certainly depths Cok/ > 0. Hence M*® Ri ,N £ CMR b <^=> depth fl t Ext R , (Tr N, M*) > 
0. But 

Ext^(TriV, AT) = Hom ^f^Tr N. M*) = Hom ^ ((SIN)* ,M*) = Hom fib (M. SIN) 
and since R b is a hypersurface SIN = Sl~ 1 N. Thus 

Ext^ b (Tr N, M*) = Uom R , (M, SIN) = Hom flt (M, Sl^N) = Ext Rb (M, N), 
completing the proof. □ 
Lemma 5.13. Let I and J be subsets of {1, ... ,n}. Then 

(ljsiss;. 

(2) Si <E) R t, Sj £ CMR b <s=^ I C J or J C I. 
Proof. (1) is an easy calculation. 

(2) First, observe that Si ® Rb Sj £* R b /{fi) i? b /(/j) = fj) = S/(fi, fj). 

(<=) If I C J then /j € (//), so (//,/,/) = (//) and thus S7 (g)^ 5j = Si £ CMR b . The 
case J C I is identical. 

(=>) Suppose that S/(fi, fj) £ CMR b . Then, as is standard in matrix factorizations, the 
kernel of the natural map S —> S/(fi,fj) — > is a free S'-module, necessarily of rank 
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one. But the kernel is clearly (fi,fj), and so in particular (fi,fj) must be generated by 
a single element, say (//, /,/) = (t). Clearly t must divide // and fj, and so (since S is a 
factorial domain) it must divide their highest common factor. If / £ J and J I then 
this highest common factor is strictly smaller that both // and fj, hence we may write 
fi = at and fj = bt for some non-units a and b. But now t £ (/j, /j), so we may write 

t = cfi + dfj = (ac + bd)t 

for some c,d £ S. But S is a domain, so this forces 1 = ac + fed Since S 1 is local, we 
deduce that either ac or bd is a unit. Either way this is impossible, since a and b are not 
units. Hence either / C J or J C I. □ 

Corollary 5.14. (1) depths Ext^(S/, Sj) > I C J or J CI. 

(2) for flags F = (h,...,I m ), depths Ext^ b (S*^, 5^) > 0. 

Proof. (1) By 5.13(1) (S/)* ®jjb Sj = Si ® R b Sj. Hence the result follows by combining 
5.13(2) and 5.12. 

(2) Follows by repeated application of (1). □ 

Recall that we say that an i?-module is basic if it is isomorphic to a finite direct sum 
of mutually non-isomorphic indecomposable i?-modulcs. 

Theorem 5.15. Suppose that k = k. Then for each flag T in the set {1, . . . , n} 7 

(1) S^ is a basic b -modifying CM Pi -module. All basic \>-modifying CM -modules arise 
in this way. 

(2) Under the assignment in (1), maximal flags give maximal \> -modifying CM Pi -modules, 
and further all basic maximal \>-modifying CM Pi -modules arise from maximal flags. 

Proof. (1) We know that S^ is b-modifying by 5.14(2). Conversely, let Z be a basic b- 
modifying R -module. By combining 5.1, 5.7 and 5.11, Z is a direct sum of some Si. Now 
Z has the form S^ for some T by repeated use of 5.14(1). 

For maximality, let J 7 be a maximal flag. Suppose that S^ © Y is b-modifying for 
some Y G CMi? b . Since Y itself must be b-modifying, by above Y = S Q for some flag 
Q. That Y E addS*^ now follows by repeated use of 5.14(1). Conversely, let Z be a 
basic maximal b-modifying i? b -module. By above, Z — S^ for some flag J- . If J- is not 
maximal we can refine J 7 to a new flag Q with more terms. This would mean that S^ is a 
b-modifying JJ^-module, containing Z = S^ as a summand, such that has a summand 
which does not belong to addZ. This contradicts maximality of Z, hence J- must have 
been maximal. □ 

The following is the main result of this subsection. 

Corollary 5.16. Suppose that k = k. Then for each flag T in the set {1, . . . , n\, 

(1) T^ is a basic modifying CM R-module. All basic modifying CM R-modules arise in 
this way. 

(2) Under the assignment in (1), maximal flags give maximal modifying CM R-modules, 
and further all basic maximal modifying CM R-modules arise from maximal flags. 

Proof. This is immediate from 5.15, 5.11 and 5.7. □ 

This leads to the following strengthened version of 4.4, using completely different 
methods. 

Corollary 5.17. Suppose that k — k and let R — k[[u, v, x, y]]/(uv — f\ . . . /„). Then the 
MM R-module generators are precisely T u , where lo € & n . 

Proof. This is just a reformulation of 5.16(2), since we can identify maximal flags with 
members of the symmetric group. □ 

Corollary 5.18. Suppose that k = k. Grouping together terms in the decomposition of 
f , write f — f^ 1 . . . f^ for some distinct prime elements fi, and some ai £ N. Then R 
has precisely ^' a |j"|^' basic MM generators. 

Proof. All basic MM generators have the form T u for some u> £ © ai +...+ at by 5.16(2). 
Accounting for the repetitions, there are precisely ( ai +---+ a | <) ! f these. □ 
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We will describe these MM generators pictorially in §6. 

5.3. CT modules on cA n singularities. Given the existence of MM generators, it is 
natural to ask under what circumstances they are CT. The following is a classification of 
the CT modules, strengthening 4.4 and generalizing both [BIKR, 1.5] and [DH10, 4.2] to 
non-isolated singularities. 

Theorem 5.19. Suppose that k — Ik. Then the following conditions are equivalent. 

(1) R b has a CT^ module. 

(2) R has a CT module. 

(3) fi £ m 2 for alll<i<n. 

In this case, all basic CT^ R b -modules are of the form S u for some 10 € & n , and all basic 
CT R-modules are of the form for some lj 6 & n . 

We prove this on p. 27. The trick is not to compute the global dimension of an 
arbitrary MMA (which is hard), but a well-chosen one. As soon as one MMA has finite 
global dimension, they all do [IW10, 5.14]. 

We first calculate the quiver of EndflXT^), which requires the following easy lemma. 

Lemma 5.20. Let R = k[[u, v, x, y]]/ (uv — /), and consider two modifying R-modules T\ 
and Tj such that either I C J or J C I . Then 

[ (m,t) iflcJ 

y (u, Jff) ifJci 

Proof. Since R is normal we have Hom fl (T/, Tj) = ((w, //)* ® R (u, fj))**. Now if I C J 
then // divides fj, so write fj = jj-fi- But now by 5.3(2) 

[(u,%)] + [(u,f I )} = [(u,p I )] = [(u,fj)}, 

from which we deduce that ((u, //)* ®r (u, /./))** = (w, jj). For the second statement, 
suppose that J C I, then fj divides //, so 

[(«,£)] + [(«,//)] = [(«,//)] 

shows that ((u, fi)* ® R («, /./))** S («, £)*. But since [(u, £)] + [(u, iff)} = [(u, /)] = 0, 

fi\* ^ fjj 
fj > ~ fi 



it follows that (u, = (u, ^f*-), as required. □ 



To ease notation in the following quiver, for a given flag J- = (7i, . . . , I m ) we denote 
.9i := fh , set gj := j^— for all 2 < j < m, and g m+1 := 

Corollary 5.21. Given a flag J- = (1%, . . , , I m ), with notation as above the quiver of 
End^(T~ F ) is as follows: 



32 / 




together with the possible addition of some loops, given by the following rules: 

• Consider vertex R. If {gi,g m +i) = (x,y) in the ring k[[x,y]], add no loops at 
vertex R. Hence suppose (gi,g m +i) Q (x,y). If there exists t <E (x,y) such that 
(ffiiffm+i,0 = (x,y), add a loop labelled t at vertex R. If there exists no such t, 
add two loops labelled x and y at vertex R. 

• Consider vertex T\ i . If (gi,gi + \) — (x,y) in the ring k[[x,y]], add no loops at 
vertex T^. Hence suppose (gi,<?i+i) C (x,y). If there exists t € (x,y) such that 
{gi,gi + i,t) — {x,y), add a loop labelled t at vertex Ti i . If there exists no such t, 
add two loops labelled x and y at vertex Tj i . 
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Proof. (1) Since Hom^(i?,i?) = Hom.fl(Tf 4 , Tj 4 ) = i?, we first must verify that at each 
vertex we can see the elements u,v,x,y as cycles at that vertex. Certainly u is there (as 
it is the path followed anticlockwise around the circle) , and certainly v is there (being the 
path followed clockwise around the circle). It is possible to see cycles x and y at every 
vertex by the rules for loops. 

(2) Since Homn(R, T/ 4 ) = Tj i: we must verify that we can see the generators of Tj 4 as 
paths from vertex R to vertex Ti i . But this is clear, as Il}=i 9j * s * ne clockwise path, and 
u is the anticlockwise path. 

(3) As a module over the centre, the paths from vertex Tj i to vertex R are generated 
by two paths from vertex Tj i to R, namely the one clockwise, which is and the one 
anticlockwise, which is inclusion. Since Hom/j(T/ i , R) = (u, 4j) (see proof of 5.20), clearly 
this is isomorphic to paths from Tj i to R. 

(4) The argument for paths from Tj i to Tj j is identical to the argument in (3), using the 
isomorphism in 5.20. □ 

Remark 5.22. We remark that there are at least two other methods for computing the 
quiver of End^T^). One way would be to use reconstruction on 1-dimensional fibres a la 
GL(2,C) McKay Correspondence [W10]. Another is to compute the quiver of Endfl(T- F ) 
in the one-dimensional setting, as in [BIKR, 4.10], and then use Knorrer periodicity. This 
last method only gives some of the quiver, so more work would be needed. 

We will also need the following two easy lemmas. 

Lemma 5.23. Suppose that R is a complete local 3-CY~ normal domain, and let M be a 
basic maximal modifying R-module. If in the quiver o/End^ (M) there are no loops, then 
gl.dimEndfl(M) = 3. In particular, M is CT. 

Proof. Set A := Endij(M), and suppose that is the idempotent corresponding to a 
vertex i. Denote Aj := A/A(l — e^)A. Since A is a MMA, it is easy to check (exactly as 
in the argument at the start of the proof of [IW10, 6.12]) that proj.dim A Aj < 3 for all i. 
But since there are no loops in the quiver, Aj is just the simple at the vertex i. Notice 
that gl.dim A is the supremum of the projective dimensions of the simple A-modules (e.g. 
[IR08, 2.2]), hence gl.dim A < 3. A global dimension of strictly less than three would 
contradict the depth lemma. The final statement is just [IW10, 5.5]. □ 

Proposition 5.24. Suppose that M b G CMi? b and M G CMR are generators such that 
KM b = M. Assume that M is a b-modifying R b -module (equivalently, by 5.11(1), that 
M is a modifying R-module) . Then the following are equivalent. 

(1) M b is a CT° R b -module. 

(2) gl.dim End fl> (M b ) < 3. 

(3) For all X G CMi? b , if Af b ^> X is some right add M b -approximation of X in CMR b , 
then Kcr/ € addM b . 

(4) For all X G CMi? b , if M b A X is some right add M b -approximation of X in CM R b , 
then cone(/)[-l] € addM b . 

(5) M is a CT R-module. 

(6) gl.dim Endij(M) < 3. 

f 

(7) For all X € CMi? 7 if Mo — > X is some right addAf- approximation of X in CMR, 
then Ker/ G addM. 

t 

(8) For all X G CMR, if Mo — > X is some right addM -approximation of X in CM R, 
then cone(/)[-l] G addM. 

Proof. (1)^(5) This follows from 5.11(3). 

(2) ^(3) This is routine, see e.g. proof of [IW08, 2.11]. 

(3) o(4) Since short exact sequences give triangles, and triangles come from short exact 
sequences, this follows directly from the following easy fact: for a surjection / : Mq — > X, 
Hom^(M b , M b o) -> Uom R „(M b ,X) is surjective if and only if Hom CMflt (M b , Mq) -> 
Hom CM ^jb (M b , X) is surjective. For the proof of this fact, note that the "only if part is 
clear, whereas the "if part follows directly from the surjectivity of /. 
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(4) <£=>(8) This is clear from Knorrer equivalence. 

(5) ^(6)^>(7) These are shown in [IW10, 5.5] and [IW10, 5.13]. 

(7)^(8) is the same as the proof that (3)^(4). □ 

The following is a generalization of [BIKR, 4.9] to non-isolated singularities. 

Lemma 5.25. (cf. [BIKR, 4.9]) Let R — > S be a surjective ring homomorphism of one- 
dimensional complete local rings, both of which are hyper surf aces, and let M be a t>- 
modifying generator of S . If R® M is a Cf' R-module, then M is a CT° S-module. 

Proof. Although the proof is similar, we give a proof for the convenience of the reader. 
We only have to check the condition 5.24(3) for S. Let X £ CM S, and let / : M X be 
a right add M -approximation. Since M is a generator of S, we have that / is surjective. 
Thus we have an exact sequence of CM ^-modules 

o^y->M Ai->o. 

As an i?-module, X belongs to CM R, and clearly / is a right add R © M-approximation. 
Since R © M is a CT b i?-modulc, we have Y £ addi?ffi M by 5.24(1)=4>(3). Since Y is an 
iS-module, we have Y £ addM. □ 

Now we are ready to prove 5.19. 

Proof. (1)^(2) This is clear from 5.11(3). 

(2) =>(3) We use induction on n. If n = 1, then R is a MM i?-module by 5.1. But by 
assumption R has a CT module, thus by 2.11 R is a CT i?-module. This implies that R 
is regular, hence since k is algebraically closed we can use the Jacobi criterion to deduce 
that /i ^ m 2 . Thus the statement is true for n = 1, so assume that the statement is 
true for n — 1. Since there exists a CT R- module, MM generators are precisely the CT 
i?-modules by 2.11. Hence T", being a MM generator by 5.16, is CT for all oj £ ©„. It 
follows from 5.11(3) that S u is a CT b i? b -module for all u £ 6 n . Now applying 5.25 to 
the surjective ring homomorphism R b S^ l _ 1 , it follows that © • • • © S^_ 1 is a CT b 
S^Lj-module. By the assumption of induction, we have f^U) 4- m2 f° r all 1 < i < n — 1. 
Since ui is arbitrary, we have fa ^ m 2 for all 1 < i < n. 

(3) =>(1) Assume that every fa ^ m 2 , then we may find g\ £ m such that 

(fi,9i) = (9i,fi+i) = m 
for all 1 < i < n — 1 . Hence consider the ring 

i?„ ew := M[u, v, x, y]]/(uv -fa... f n g\ ■ ■ ■ g„-i) 
and the i? now -module 

W = R ncw © (u, fa) © («, fagi) © (u, fagif 2 ) © (u, /iffi/252) © ... © (it, /151/2 ■ ■ ■ g n -i)- 

By 5.17 W is a MM i? nGW -module. By 5.21 there are no loops in the quiver of End_R now [W), 
hence by 5.23 W is a CT i? now -module. This implies that all MM i? ncw -generators are 
CT (2.11), hence in particular 

Cn \ /n— 1 

0(«,/l.../i)J © ( 0(«,/l---/nffl---5j) 



is a CT i? now -module. By 5.11(3) it follows that 




S 



~[ fa ■ ■ ■ f n gi ■■■93 



is a CT b R now := S/fa . . . f n gi ■ ■ . <7 n -i-module. Now repeatedly applying 5.25 to the 
chain of surjections 

S S S S 



fa ■■■ fngi ■ ■ ■ g-n-1 fa ■■■ fngi ■ ■ ■ g n -2 ft--- fn9l fl ■ ■ ■ fn 

yields that ffi™ =1 Sy/i . . . fa is a CT b i? b -module, as required. 



= r!> 
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The final statement follows since, as in the proof of (2)=>(3), if there exists a CT 
i?-modulc, MM generators are precisely the CT i?-modules (2.11). Hence since {T u \ ui G 
& n } give all MM generators (by 5.16), these are all the CT i?-modules. It follows from 
5.11(3) that {5 W | w e & n } are all the CT b i? b -modules. □ 

6. Mutation 

6.1. Some theory. An operation called mutation was introduced in [IW10, §6]. Although 
similar in spirit to the mutation of Fomin-Zelevinsky, this operation is categorical, and 
is designed to deal with situations (like here) where the quivers have many loops and 
two-cycles, and the relations are not necessarily given by a potential. For our purposes 
in future subsections we need slightly more information than is given in [IW10, §6], so we 
record that necessary information here. The main new result is 6.3. 

In this subsection we let R be a complete local normal d-QY~ commutative ring (i.e. 
a complete local normal d-dimensional commutative Gorenstein ring) with d > 2, and 
we let M := R © (© ig jMi) be a modifying i?-module, where we can (and will) assume 
that M is basic, i.e. all summands are pairwise non-isomorphic. Necessarily M G CM R. 
We denote Hohir(— ,R) := (— )* : ref R —> refi? to be the duality functor and we set 
A 7 :=End R (M). 

Choose ^ J C /, set Mj := ® jeJ Mj and -^j := R® (® ie i\jM t ). For convenience 
we denote G := Honi^H^, — ) and F := Hom#(Af, — ). Let 

U*j 4 Mj 

denote a minimal right add jpr- approximation of M}. Recall that a morphism a : X — > Y 
is called right minimal if any / G End^(X) satisfying a = fa is an automorphism. We 
denote the kernel by Kj. Since is a generator, necessarily / is surjective. Hence 
Kj G CM R, so by definition we have a short exact sequence 

Kj U} -4 M} ->• (6.1) 

in CM R such that 

->■ GKj GU} 4 GMj (6. J) 

is exact. 

Definition 6.1. [IW10, 6.12] With notation as above, define the mutation of M at sum- 
mand(s) Mj to be Vj(M) := © K*. 

Now applying duality (— )* to (6.1) gives an exact sequence 

Mj 4 Uj K} 
from which applying F yields an injection 

F/* 

->■ FMj > ¥Uj (6.K) 

Definition 6.2. We define Qj := Cok(F/*) and denote Vj := F(^-) © Qj. 

The aim of this subsection is to prove the following result, which is a simultaneous 
generalization of [IW10, 6.8] and [IW10, 6.13]. Note that in this paper, when we say 
tilting module we mean a tilting module of projective dimension less than or equal to one. 

Theorem 6.3. Let R be a complete local normal d-CY~ commutative ring, M := i? © 
(©i 6 /Afi) be a basic modifying R-module and choose any ^ J C I . Then Endjj(Af) and 
Endi?(i/j(Af)) are derived equivalent, via the tilting Endjj(AZ) -module Vj. 

The proof of 6.3 requires the following technical lemma: 

Lemma 6.4. Suppose that A is a symmetric R-algebra and V G mod A is a height one 
projective such that EndA(V^) is a symmetric R-algebra. Then EndA(V^) = EndAo P (V*)° p . 
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Proof. Consider the natural ring homomorphism 

</>: = (")* 

End A (^) > End A o P (y*) op . 

Since V is height one projective A-module, via the equivalence 

(-); 

V p e rcf Ap > ref A° p 

we have that ip is a height one isomorphism. But A op 6 refi? and by [IR08, 2.4(1)] 
V* G ref A op . Clearly V* is a height one projective A op -module, hence by reflexive 
equivalence [IR08, 2.4(2)(i)] EndAo P (V*)° v is reflexive. Furthermore EndA(V") is reflexive 
by assumption, hence tjj, being a height one isomorphism, is actually an isomorphism. □ 

We can now prove 6.3. 

Proof. As before, denote Aj := Endfl(M). We first show that Vj is a tilting A/-module. 
This is standard and well-known to experts — we just need to show that F/* is a left 
add F( -^^approximation, i.e. 

Hom Aj (FC/ J ,F(^)) > Hom Aj (FM J ,F(^)) -> 

is exact. Since M is a generator, F : modi? — > mod A/ is fully faithful [IW10, 2.5(1)], so 
it suffices to show that 

Uoxa R (Uj, -ffj) Ho mi i(M, 7 , M.) -> 
is exact. By duality this is equivalent to showing that 

Hom fl (f;, [/}) -U Rom R (j^,M*j) -> 

is exact. But this is precisely (6. J). 

We now show that End Aj (Vj) = Endfl(fj(M)). To see this, note first that A/ is d- 
CY~ by 2.10, so since End Aj (Vj) is derived equivalent to A/, it is also <i-CY~. Hence by 
[IR08, 3.8(5)] End Al (Vj) is a symmetric i?-algebra. Also, Aj — End^(M) is a symmetric 
i?-algebra, by [ ,2.4(3)]. 

Now the exact sequence 

Wf 

-> FMj — > FUj -> F(iT}) -> Ext^(M, Mj) -> 

induces a natural A/-module homomorphism Qj A- F(ATj). Since R is normal 

ExtJ^M, Mj) p = Ext^ (M p , (Mj) p ) = 
for all primes p € Spec i? of height one, and so 

(Qj) p - (¥(K})) P = Rom Rp (M 9 , (K}) p ) 

for these primes. But (Kj) p is a free i? p -module and so since M is a generator it follows 
that Qj, hence Vj, is a height one projective A/-module. Thus by 6.4 

End Al (K/) = End A op(y;) P. 

Now since h is a height one isomorphism, it follows that h* is a height one isomorphism. 
But h* is a morphism between reflexive modules, so h* must be an isomorphism, hence 

vj = (F(^))* © Q} = (F(^))* © (F(/0))* = Wirr ® 

Consequently 

End Aj (Vj) - End A op((F(^ © X}))*)° p = End Aj (F(^ © K})) 

since 

(F(^ © K}))* G ref A° p ref A/ 

is an equivalence. This then yeilds 

End A/ (V» = End A , (F(^ © X})) End fl (^ © AT}) = End fl (i/j(M)), 
where the second isomorphism is just reflexive equivalence (see e.g. [IR08, 2.4(2)]). □ 
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Remark 6.5. Since (by 6.3) Vj is always a tilting module, for every ^ J C I we have 
an equivalence 

Tj := RHom(I<7, -) : D b (modEnd i? (M)) -> D b (modEnd /? (^, / (M))). 

Note that this functor is never the identity, even although vj(M) = M can happen (see 
next subsection). 

Corollary 6.6. Let R be a complete local normal d-CY~ commutative ring, M := R® 
(®i£iMi) be a basic modifying R-module and choose any ^ J C / . Then vj{M) is a 
modifying R-module. 

Proof. The proof is identical to the proof of 2.19(1). □ 

Hence the mutation operator vj acts on the set of modifying modules. In dimension 
three, we can say more. 

Corollary 6.7. With notation as in 6.6, 

(1) If M is maximal modifying, so is vj(M). 

(2) If M is CT, so is vj{M). 

Proof. Is immediate from 2.19. □ 

Hence in dimension three, the mutation operator vj acts on the set of maximal 
modifying (respectively CT) modules. 

6.2. Mutation of modifying generators on cA n singularities. As previously, we let 
R := Ik[[u, v, x, y]]/(uv — /), where / — f\ . . . f n is a factorization into (not necessarily 
distinct) prime elements /j. 

Even although we do not know if the derived equivalence in §4.1 holds for arbitrary 
fields, given some (possibly non-maximal) flag T — (I\, . . . , I m ) in the set {1, 2, . . . , n}, it 
is useful combinatorially (as in 4.6) to assign to J- the following picture: 

V{T) := 

91 92 93 9m Qm+1 

where gj := , 3 for all 1 < j < m + 1, where by convention Iq ;= ft and I m +i '■= 

J I j — i 

{1,2,. ..,n}. 

There are m curves. If we denote Mq := R and Mj := (u, = (w,niift)i 
and set := ®JL Mj, then is the modifying i?-module corresponding to J- . The 
correpondence between non-free summands of and curves of V^) is as follows: 

91 92 33 9m Sm+1 

This gives us a combinatorial model to visualize mutation. 

Example 6.8. Consider / = /1/2/3/4/5/6 with flag T = ({2,3} C {2,3,1}). Then T 
corresponds to 

/a/3 /1 74/5/6 

The correponding is (it, / 2 / 3 ) 8 (u, /1/2/3) © ^2- 

We are interested in mutations of non-free summands of , so since above such 
summands correspond to subsets of the curves, pick an arbitrary ^ J C {1, . . . , m}. 
Now write J as a disjoint union of connected components: 

Definition 6.9. A connected component of J is a collection of consecutive numbers from 
i\ to ii inside {1, . . . , n}, each of which belongs to J , such that i\ — 1 ^ J and 12 + 1 ^ J ■ 
We write J — U J=1 Jj as a disjoint union of connected components. 

Geometrically, if say m = 6 and J := {2, 3, 5} then we are simply bunching the curves 
corresponding to J into connected components as in the following picture: 
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Ji: = {2,3} J 2 : = {5} 

91 92 93 34 95 96 97 

The mutation operation acts on the set of modifying modules, hence on T^, and 
hence on the set of ViT). Below (see 6.13) we will justify the following intuitive geometric 
picture: 

91 92 93 94 95 96 97 



where each connected component of J gets reflected. It is clear from this picture (and 
indeed we prove it in 6.13) that Vj(M) = M if and only if J is componentwise symmetric. 

Definition 6.10. For a given flag J- = (7i, . . . ,I m ), associate the combinatorial picture 
V(J-) as above. For =/= J C {1, ... , m}, we define the J -reflection of ViJF) as follows: 
the number of curves remains the same, but the new position of the g 's is obtained from 
the positions in V(!F) by reflecting each connected component of J in the vertical axis. 

We now build up to 6.13. To fix some convenient notation, we write J — U* = i Jj 
and denote 

Jj = {lj , lj + 1 , . . . , Uj — 1 , uj } 

to be the connected components of J. The lj stands for lower bound, whilst Uj stands for 
upper bound. 

Lemma 6.11. Fix flag T = (Ii, . . . ,/ m ), and choose ^ J C {1, . . . , m}. Write J = 
LL=i Jj an d consider one of the summands Mi of which lies in J . Say Mi lives in 
the component Jj , then the following sequence is exact 

(inc J] g a ) (aJJ+l 9 ") u-+l 

-> Mi > M h - X ® M Uj+1 — > («, ( n 9b)( 11 9a)) -> 0. (6.L) 

b=l a=i+l 

Proof. Note first the maps go where they should. The right hand map is clearly surjective 
since the generators of the module (it, (nb=~i 1 ffb)(na=T+i3f')) are both in the image of the 
map. The left hand map is clearly injective. An easy check shows that the above is exact 
in the middle. □ 

Lemma 6.12. The dual short exact sequence of (6.L), namely 

o (u, (nti^xn^TirSa))* -> m?^ ® m: j+1 -+ m* -> o, 

is a minimal right add -ffs-- approximation of M* . 

Proof. This follows immediately from the shape of the quiver of End/j(T -F ) in 5.21. □ 

Theorem 6.13. Fix a flag J- = [1%, . . . , I m ), and associate to J- the module and the 
combinatorial picture V{T), as before. Choose 7^ J C {1, . . . ,m}, then vjiT^) is the 
module corresponding to the J -reflection ofV{T). 

Proof. Consider the first connected component J\. By 6.12 we know that M Ul mu- 
tates to (u, (T[b=i 9b)9ux+i)**, which is isomorphic to (u, (Y[b=i 9b)9ui+i)- Similarly, 
M Ul _i mutates to (u, (Ylb=i9l>)9ui+i9ui )■ Continuing, we see that M Ul _i mutates to 
( u j (Y[b=i 9b)9u!+i ■ ■ ■ 9ui-i+i) for all 1 < i < u% — l\. Since the combinatorial picture 
is built by ordering the summands in increasing lengths of products, we see that in the 
combinatorial picture, the component J\ has been reflected. The proof that the remaining 
components are reflected is identical. □ 
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Example 6.14. As in 6.8, consider / = hf 2 hhhh wi th flag T = ({2,3} C {2,3,1}). 
Then T r = R® (u, / 2 / 3 ) © (u, /1/2/3), which pictorially is 

/2/3 fl /4/5/6 

Pick summand (u, /1/2/3), then the mutation is given by 



A/3 fi fifsfe HH /4/5/e fi 

and so v(T*) = R®(u, f 2 f 3 ) © (u, hhkhh). 

6.3. Geometric corollaries. We set k = K. Given 4.2, 6.3 and 6.13, we can now produce 
derived equivalences between partial crepant resolutions of Speci?. First, note that even 
if both contain the same number of curves above the origin (and hence their if-theory 
match), two partial resolutions need not be derived equivalent: 

Example 6.15. In the case / = xxy, the crepant partial resolutions with one curve are 

x xy xy x V x 2 x 2 V 

XW X* 1 ' 3 * A< 2 > X^- 1 ^ 

The two spaces XW and X^' 3 > are derived equivalent via mutation, and the two spaces 
XW and X^' 2 > are also derived equivalent via mutation. However they are not all 
derived equivalent, since if B h (cohX^) « D b (cohA{ 2 >) then D 5g (X< 1 >) w D 5g (X< 2 >), 
which by 3.7 gives CM K[[u, v, x, v]] / (uv — x 2 ) « CM K[[u, v, x, v]] / (uv — xy). But this 
is impossible, since (for example) the left hand side has infinite dimensional Horn-spaces, 
whereas in the right hand side all Horn spaces are finite dimensional. 

The following is immediate from the theory of mutation: 

Corollary 6.16. In the case k = K, suppose that J- = (2i, . . . , I rn ) and Q = (Ji, . . . , J n ) 
are flags. Then X^ and X s are derived equivalent if n = m and the singularities of X^ 
can be permuted to the singularities of X^ . 

Proof. By 4.2 B h (X jr ) = D b (End jR (T- F )) and B h (X G ) = D b (End it (T e )), hence the re- 
sult follows if we establish that End^T- 7 ^ and End/?,(T e ) are derived equivalent. Now 
mutation always gives derived equivalences (6.3), and mutation corresponds to permuting 
the order of the singularities (6.13). Hence if the singularities of X^ can be permuted to 
the singularities of , certainly there is a finite number of mutations which transforms 
■P{F) into V(G), hence End fl (T- F ) and End fi (T e ) are derived equivalent. □ 

6.4. The mutation graph for maximal modifying modules. By 6.15 and 6.16, for 
general partial resolutions it is clear that very rarely will T^ 1 and T^ 2 be linked by 
mutations. 

However, if both T^ 1 and T^ 2 have the maximal number of summands (i.e. T-^-Fi) 
and T'(J : %) have the maximal number of curves), the homological algebra is much better 
behaved. We now prove, when k = Ik, that the mutation graph for MM generators is 
connected. Combining this with 6.16 in the case k — C proves 1.12 in the introduction, 
namely that all Q-factorial terminalizations of Speci? are derived equivalent. 

Recall that by the mutation graph of MM generators we mean the graph in which the 
vertices are the (isomorphism classes of) basic MM generators, where we draw an edge 
between two vertices M and N if there exists a mutation vj for which vj(M) = N . 

Corollary 6.17. Let R :— k[[it, v, x, y]]/(uv — /), where f £ {x,y) C y]]. Then the 
mutation graph of MM generators is connected. 

Proof. As before, write / = fx . . . f n as a factorization into (not necessarily distinct) prime 
elements fi. Suppose M and N are MM generators, then by the above we can view M 
and N combinatorially as 

/il fj2 fj3 fln-1 fjn /&1 /&2 ^ fc 3 f k n — l fk n 
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where {ji, . . . , j n } = {k±, . . . , k n } = {1, . . . , n}. Now mutation corresponds to permu- 
tations, and it is clear that we can transform V(M) into V(N) by a finite sequence of 
permutations. It follows that the mutation graph is connected. □ 

Example 6.18. Let / = /f/f = fififififv- Then the mutation graph for maximal 
modifying generators is the following 

Si Si fi Si Si Si fi fi fi fi Si Si Si Si Si Si Si Si Si Si 




Si Si Si Si Si Si Si Si Si Si Si Si Si Si Si 




Si Si Si Si Si Si Si Si Si Si 




Si Si Si Si Si 



where for clarity we have illustrated only those that are connected via a mutation by a 
single summand. If we include mutations by more that one summand, there are many 
more connecting lines. 

Remark 6.19. Geometers will recognize the above picture, since when k = C it corre- 
sponds exactly to the flops of curves on the Q-factorial terminalizations of Spec R. We 
will return to this in future. 



References 

[Aus84] M. Auslander, Isolated singularities and existence of almost split sequences. Representation the- 
ory, II (Ottawa, Ont., 1984), 194-242, Lecture Notes in Math., 1178, Springer, Berlin, 1986. 

[AG60] M. Auslander and O. Goldman, Maximal orders, Trans. Amer. Math. Soc. 97 (1960), 1-24. 

[Bri02] T. Bridgeland, Flops and derived categories. Invent. Math. 147 (2002), no. 3, 613-632 

[BKR] T. Bridgeland, A. King and M. Reid, The McKay correspondence as an equivalence of derived 
categories, J. Amer. Math. Soc. 14 (2001), no. 3, 535-554. 

[BH] W. Bruns and J. Herzog, Cohen- Macaulay rings. Rev. ed., Cambridge Studies in Advanced Math- 
ematics. 39 xiv+453 pp. 

[Bu86] R. -O. Buchweitz, Maximal Cohen-Macaulay modules and Tate-cohomology over Gorenstein 
rings, preprint, 1986. 

[BIKR] I. Burban, O. Iyama, B. Keller and I. Reiten, Cluster tilting for one- dimensional hypersurface 

singularities, Adv. Math. 217 (2008), no. 6, 2443-2484. 
[BK11] I. Burban and M. Kalck, Singularity category of a non- commutative resolution of singularities, 

arXiv:1103.3936. 

[C02] J-C. Chen, Flops and equivalences of derived categories for threefolds with only terminal Goren- 
stein singularities, J. Differential Geom. 61 (2002), no. 2, 227—261. 

[C10] X-W. Chen, Unifying two results of Orlov on singularity categories, Abh. Math. Semin. Univ. 
Hambg. 80 (2010), no. 2, 207-212. 

[CYZ] X-W. Chen, Y. Ye and P. Zhang, Algebras of derived dimension zero, Comm. Algebra 36 (2008), 
no. 1, 1-10. 

[Daol] H. Dao, Remarks on non- commutative crepant resolutions of complete intersections, 
arXiv:0911.4541. 

[Dao2] H. Dao, Decency and rigidity over hypersurfaces, arXiv:AC/0611568vl. 

[Dao3] H. Dao, Picard groups of punctured spectra of dimension three local hypersurfaces are torsion-free, 
arXiv:1004.0471. 

[DH10] H. Dao and C. Huneke, Vanishing of Ext, Cluster Tilting and Finite Global Dimension of Endo- 

morphism Rings, arXiv: 1005.5359 (2010). 
[F77] H-B. Foxby, Isomorphisms between complexes with applications to the homological theory of 

modules, Mathematica Scandinavica, 40, (1977) no.l, 5—19. 
[GR71] L. Gruson and M. Raynaud, Criteres de platitude et de projectivite. Techniques de 'platification' 

d'un module, Invent. Math. 13, (1971) 1-89. 
[H77] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, No. 52. Springer- Verlag, 

1977. xvi+496 pp. 

[IR08] O. Iyama and I. Reiten, Fomin-Zelevinsky mutation and tilting modules over Calabi-Yau algebras, 
Amer. J. Math. 130 (2008), no. 4, 1087-1149. 



.34 



OSAMU IYAMA AND MICHAEL WEMYSS 



[IW08] O. Iyama and M. Wcmyss, The classification of special Cohen Macaulay modules, Math. Z. 265 
(2010), no.l, 41-83. 

[IW10] O. Iyama and M. Wemyss, Auslander- Reiten Duality and Maximal Modifications for Non-isolated 

Singularities, arXiv: 1007. 1296. 
[J70] C. U. Jensen, On the vanishing of hmW J. Alg. 15, (1970) 151-166. 
[Jo75] P. Jothilingam, A note on grade, Nagoya Math. J. 59 (1975), 149 -152. 

[K88] Y. Kawamata, Crepant blowing-up of 3-dimensional canonical singularities and its application 
to degenerations of surfaces, Ann. of Math. (2) 127 (1988), no. 1, 93-163. 

[KMV] B. Keller, D. Murfet, M. Van den Bergh, On two examples by Iyama and Yoshino, arXiv:0803:0720. 

[KM98] J. Kollar and S. Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Math., 
134, Cambridge Univ. Press, Cambridge, 1998. 

[N01] A. Nccman, Triangulated categories, Annals of Mathematics Studies, vol. 148, Princeton Univer- 
sity Press, Princeton, NJ, 2001. 

[076] A. Ooishi, Maths duality and the width of a module, Hiroshima Math. J. 6 (1976), 573-587. 

[Or03] D. Orlov, Triangulated categories of singularities and D-branes in Landau- Ginzburg models, 
arXiv: AG/0302304. 

[Or05] D. Orlov, Triangulated categories of singularities and equivalences between Landau- Ginzburg 
Models, arXiv:AG/0503630. 

[Or09] D. Orlov, Formal completions and idempotent completions of triangulated categories of singular- 
ities, arXiv:0901.1859. 

[R83] M. Reid, Minimal models of canonical 3-folds, Algebraic varieties and analytic varieties (Tokyo, 
1981), 131-180, Adv. Stud. Pure Math., 1, North-Holland, Amsterdam, 1983. 

[R87] M. Reid, Young person's guide to canonical singularities, Algebraic geometry, Bowdoin, 1985 
(Brunswick, Maine, 1985), 345-414, Proc. Sympos. Pure Math., 46, Part 1, Amer. Math. Soc, 
Providence, RI, 1987. 

[R89] J. Rickard, Morita theory for derived categories, J. London Math. Soc. (2) 39 (1989), 436-456. 
[R98] P. Roberts, Multiplicities and Chern classes in local algebra, Cambridge Tracts in Mathematics, 

133. Cambridge University Press, Cambridge, 1998. xii+303 pp. 
[R08] R. Rouquier, Dimensions of triangulated categories, J. K- Theory 1 (2008), no. 2, 193-256. 
[S89] O. Solbcrg, Hypersurface singularities of finite Cohen- Macaulay type. Proc. London Math. Soc. 

(3) 58 (1989), no. 2, 258-280. 
[V04a] M. Van den Bergh, Three-dimensional flops and noncommutative rings, Duke Math. J. 122 

(2004), no. 3, 423-455. 

[V04b] , Non-commutative crepant resolutions, The legacy of Niels Henrik Abel, 749-770, 

Springer, Berlin, 2004. 

[W10] M. Wemyss, The GL(2,C) McKay correspondence, Math. Ann. 350, no. 3, (2011), 631-659. 
[Yos90] Y. Yoshino, Cohen- Macaulay modules over Cohen- Macaulay rings, London Mathematical Society 
Lecture Note Series, 146. Cambridge University Press, Cambridge, 1990. 

Osamu Iyama, Graduate School of Mathematics, Nagoya University, Chikusa-ku, Nagoya, 
464-8602, Japan 

E-mail address: iyamaamath.nagoya-u.ac.jp 

Michael Wemyss, School of Mathematics, James Clerk Maxwell Building, The King's 
Buildings, Mayfield Road, Edinburgh, EH9 3JZ, UK. 
E-mail address: wemyss.mOgooglemail.com 



